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MATH GAMES WITH PLAYING CARDS
FOR CHILDREN IN GRADES K-3

Constance Kamii

University of Alabama at Birmingham
August, 2015

Kindergarten

1. Lining Up the Ss
Number of players: 2 or 3, preferably 3*

Three suits of cards A-10 are used. All 30 cards are dealt to the 3 players. L—— )
Each player aligns the 10 cards received, face up, in front of himself. ** oA
The players who have 5s put them down in a column in the middle of the A
table.
v v
The children decide who will go first. (The turns then go clock-wise.) v '
v
The players take tums putting one card down at a time. They make a
matrix by extending each suit to the right or left, without skipping any i
number (for example, the 6 of spades followed by the 7 of spades, .... or the 'Y
4 of spades followed by the 3 of spades.) -
4
Anyone who does not have a card that can be played must pass. Each ¢
time a player passes, he takes a counter. Players can pass only 3 times***, ¢
When a player with 3 counters must pass a 4™ time, that player is out of ¢ 4
the game. He puts down in the matrix all the cards remaining in his hand. DA

In this situation it is often necessary to skip one or more numbers, leaving
blank spaces in the matrix between cards that are not consecutive.

The first player to use up all his cards wins.

By playing this game, most kindergartners learn to read numerals without a single lesson on
how to read numerals.

*If there are more than 3 players in a game, children have to wait longer to get a turn. Having
to wait is a waste of time that could be spent thinking.

** “He” and “she” are used alternately throughout this paper. “He” is used in the first, third,
and fifth games, etc., and “she” is used in the second, fourth, and sixth games.

***We introduced this rule because (a) many children were passing without systematically
examining all their cards for possible use, and (b) the more advanced players passed
just to prevent others from using their cards.



2. Before or After
Number of players: 2 or 3

All the numeral cards from one deck (A-10) are used. The cards are dealt to all the players,
but the last card is turned up in the middle of the table. The players keep their cards in face-
down stacks. The first player turns over the top card of her stack and tries to make a pair with
the number that comes immediately before or after the number that is up. (For example, if a 5
is up, a pair can be made with either a 4 or a 6.) If a pair can be made, the player can take both
cards and keep them. If not, the card turned over stays in the middle of the table and gets
covered up by the next player (or the player after the next player, or the player after her, etc.).

Play continues until pairs cannot be made any more. The winner is the person who collects
more cards than anybody else.

3. War (for 2 players)
Number of players: 2

All the number cards from one deck (A-10) are dealt to the 2 players. Without looking at
them, each player puts his pile in front of himself, face down. The two players then
simultaneously turn over the top cards of their respective piles. The person who turned over
the larger number takes both cards. The winner is the person who collected more cards than
the other.

If there is a tie, each player turns over the next card, and the person who turned up the larger
number takes all 4 of them. (This is a modification of the conventional rule.)

Modification into a fast addition game. The person who announced the correct sum first
wins both cards.

4. Find Five (also known as Piggy Bank)
Number of players: 2 or 3

Eight cards each of numbers 1 through 4 (from 2 decks) are used. The object of the game is to
make 5 with 2 cards (4+1 or 2+3).

All the cards are dealt. Without looking at them, each player makes a face-down stack with
the cards received. On her turn, each player tumns over the top card of her stack. The first
player always has to discard the card turned over in the middle of the table. If the first player
discards a 3, and the second player turns over a 4, she, too, has to discard this card. If, on the
other hand, the second player turns over a 2, this 2 can be taken with the 3 on the table. The
person who collects more cards than anybody else is the winner.



1* Grade
5. Double War

Number of players: 2

This game is played like War except that the cards are dealt so that each player will have 2
stacks. Each player turns over the top cards of both stacks, and the person who announces the
larger total first takes all 4 cards.

6. Tens with Nine Cardg****
Number of players: 2 or 3

Thirty-six cards, 4 each of A (1) through 9, are used. Nine cards are 6 2 3
randomly arranged as shown in the figure. The first player takes pairs

of cards that make 10 (such as 6+4, 5+5, and 7+3). She then fills the 51 4
empty spaces with cards from the deck. The second player continues

the game in the same way. 5 7 2

The person who collects the most cards is the winner

7. Find Ten**** (or Find Seven, Eight, Nine, Eleven, etc.)
Number of players: 2 or 3

This game is played like Find Fives, but cards 1 through 9 are used (a total of 36 cards), and
the object of the game is to find 2 cards that make 10 (9+1, 8+2, etc.).

In Find Seven, cards 1 through 6 are used. In Find Eight, cards 1 through 7 are used, etc.

8. Draw Ten****
Number of players: 3

This game is played like Old Maid, but cards 1-9 are used, and the object of the game is to
find 2 cards that make 10. One card is removed from the deck at random, so that there will be
a card without a mate at the end of the game. All the other cards are dealt.

Each player goes through the cards received and puts in front of herself all the pairs that make
10 (6+4, for example).

The players then hold their cards like a fan and take turns letting the person to the left draw
one of them at random. If the person who drew a card can use it to make 10 with one of her
cards, the pair is added to her collection of 10s. If a pair cannot be made, the card drawn is
kept, and the next person draws a card.

****Becoming able to make 10 with 2 cards facilitates children’s changing 8 + 4 to (8 +2) + 2,
for example, and 7 + S to (7 + 3) +2. Having to make 10 with 2 cards thus helps children
construct tens. It is therefore important not to let children make 10 with 3 cards.



Play continues until one person is left holding the odd card and loses the game.

9. Shut the Box
Number of players: 2 or 3

Two dice and 11 cards numbered 1 through J are used. The 11 cards are arranged in a line in
sequence from 1 to 11 (J), face up. The players take turns rolling the dice and turning down as
many cards as they wish to make the same total. For example, if a 6 and a 2 were rolled, a
player can turn down the 8, the 1 and the 7; the 2 and the 6; the 3 and the 5; or the 1, the 3,
and the 4. The player keeps playing until it is impossible to make a total with the remaining
numbers. The numbers left unused are added and recorded, and the next player takes a tum.

The points left at the end of each turn are added to the player’s previous total. The player who
reaches 45 points first is the loser (or the one who has the smallest total is the winner).

10. Go Ten****
Number of players: 3

This game is like Go Fish, but cards 1-9 are used, and the object of the game is to make 10
with 2 cards. All the cards are dealt. (There is no “pond” in this game.) The players first put
down all the pairs that make 10. They then ask specific people for specific numbers. For
example, John may say to Katie, “Do you have a 57” If Katie has a 5, she has to give it to
John. John then lays this 5 and his 5 in front of himself, face up.

A player can continue to ask for cards as long as she gets the number requested. If a player is
told “I don’t have any,” the turn passes to the person who said, “I don’t have any.”

The person who makes the greatest number of pairs is the winner.

11. Tens Concentration****
Number of players: 2 or 3

Cards 1-9 are used, and the object of the game is to find 2 cards that make 10. All the cards
are arranged face down in neat rows. The players take turns turning up 2 cards, trying to make
a total of 10. When a player succeeds in making 10, he can keep the 2 cards and continue
playing. Otherwise, he must turn the 2 cards over so that they are face down again, and the
turn passes to the person to the left.

The game continues until all the pairs have been found. The person who makes the greatest
number of pairs is the winner.



12. Salute!
Number of players: 3
Cards 1-10 can be used, but cards going up to 5 might be used at the beginning, when children
are not sure about subtraction. The cards are dealt to 2 of the 3 players. The 2 players hold the
cards received in a face-down stack. Simultaneously, both take the top cards of their
respective piles saying “Salute!” and holding the cards up next to their ears in such a way that
each player can see the opponent’s card but not her own.

The third player announces the sum of the 2 cards, and each of the other 2 players tries to
figure out the number on her own card (by subtracting the opponent’s number from the sum
that has been announced). The one who announces the difference correctly first takes both
cards.

The winner is the person who collected more cards than the other person.

13. Quince
Number of players: 2 or 3

Cards 1-10 are used, and the object of the game is to get as close as possible to a total of 15
without going over it.

The dealer deals 2 cards to each player, including himself, one at a time, face down. Each
player looks at the cards received without letting the others see them. The player to the
dealer’s left begins the game, If his cards add up to less than 15, he may ask the dealer for
another card, hoping to get one that will bring his total closer to 15. A player may keep asking
for another card every time his turn comes, until he is satisfied with the total and says, “I
stand pat,” or until he goes over 15 and is out.

For example, in a two-player game, let’s say a player receives a 6 and an ace. He asks for
another card because 6+1 is too low to win. If the card received is a 2, the total is only 9.

If the dealer receives a 9 and a 3, he could stop here but decides to ask for a card, gets a S, and
is out of the game. The other player automatically wins the round and gets a tally mark.

If there are 3 players, the one who has the highest total without going over 15 is the winner of
the round and gets a tally mark. The winner of the game is the person who has the most tally
marks (or is the first person to get 10 tally marks).

O

14. Twenty-Twenty 5
Number of players: 2 or 3

4

Cards 1-10 and 18 counters are used. The object of the game is to

make a total of 20. Each player takes 6 counters and is dealt 5 cards. 3
The remaining cards are placed on the table in a face-down stack. The

players take turns putting one card down at a time nexttoonethatis O 3 2 7 8 Q
already on the table (see the figure). After putting down a card, each O



player takes the top card of the stack to have 5 cards again.

When a player puts a card down that makes a total of 20, either
vertically or horizontally, she closes the line with 2 counters as shown in the figure. The
person who uses up her 6 counters first is the winner.

18. -Knock
Number of players: 2 or 3

A deck of 52 cards is used with the following values: A=1, 2 through 10 are worth the values
shown, and the face cards are each worth 10 points. The object of the game is to make the
largest total value (or the smallest).

Each player is dealt 4 cards, and the remaining cards make up the drawing pile. The players
take turns taking the top card of the drawing pile and discarding one. When a player thinks he
has the largest total, he says “Knock-knock,” and everybody else has one more turn. The
person who has the greatest (or smallest) total is the winner.

3" Grade

16. Multiplication Salute!
Number of players: 3

This game is played just like Salute! (No. 12 above), except that multiplication and division
are used instead of addition and subtraction. When multiplication is still unfamiliar, it is best
to use cards going up only to 5. Larger numbers can then be added as small factors become
too easy.

17. O’NO 99
Number of players: 2 or 3

The cards have the following values:
All the aces: 99 points
2 through 10: All the spades are “minus” cards. For example, the 2 of spades is worth -2.
All the other suits are “plus” cards worth the numbers shown.
Face cards: All the spades are worth -10 points.
All the other face cards are worth 10 points.

Five cards are dealt to each player, and the rest of the cards constitute the drawing pile. The
object of the game is to avoid making a total of 99 or more.



The first player puts a card down calling out the number (such as “Ten”). He then takes a card
from the drawing pile to have 5 cards again. The second player puts down one of his 5 cards
announcing the new total (such as “Fifteen”), and draws a card to replace the one used. This
procedure is followed around the table. The person who reaches 99 or more loses the round.

The first person to lose 3 rounds is the loser.
Modification into a subtraction game. The same game can be played with subtraction, and the

count starts at 99. (The spades become “plus” cards; all the other suits become “minus” cards.
The person who reaches zero or less loses the round.)

18. Close to 100 (taken from Landmarks in the Thousands, by S. J. Russell & A. Rubin. Palo
Alto, CA: Dale Seymour, 1995, p. 109)

Number of players: 2 or 3

Cards 1-9 from one deck are used with a score sheet. Each player is dealt 6 cards. With 4 of
the 6 cards, each player makes two numbers that, when added, make a total as close to 100 as
possible. For example, a 6 and a 5 can make either 56 or 65.Ifa 6,2 5,a4,a3,a2 anda 1
are received, 65 + 34 = 99 is as close to 100 as possible. These numbers are written on the
score sheet, as well as the difference between the total (99) and 100.

The cards used are discarded, and the 2 unused cards are kept by each player. Four new cards
are then dealt to each player so that there will be 6 cards for the next round. When no more
cards are available, the discard pile is mixed up and used again. Five rounds are played in this
way, and the person with the lowest total score wins.

Close-to-100 Score Sheet

Name:
Diff. from 100
Round 1: + =
Round 2: + =
Round 3: + =
Round 4: + -

Round 5: + =




Multiplication
(Games:

How VWe Made and
Used Them

eachers introduce multiplication in kinder-

garten and the first two grades in the form of

word problems such as the following: “I
want to give 2 pieces of chocolate to each person
in my family. There are 5 people in my family.
How many pieces of chocolate do I need?” Chil-
dren usually use repeated addition to solve such
problems, as Carpenter et al. (1993) and Kamii
(2000) describe. By third grade, however, many
children begin to use multiplication as they
become capable of multiplicative thinking (Clark
and Kamii 1996).

Some educators think that teachers should teach
for understanding of multiplication rather than for
speed. This probably is a reaction to teachers’ com-
mon practice of making systematic use of timed
tests without any reflection, for example, about the
relationship between the table of 2s and the table of
4s. In our opinion, children should have an under-
standing of multiplication and should develop
speed. With our advanced third graders in a Title I
school, therefore, we have been using games
instead of worksheets or timed tests after the chil-
dren have developed the logic of multiplication.
The results have been encouraging. Toward the end
of the school year, when the children had played
multiplication games for several months, we gave a
summative-evaluation test consisting of one hun-
dred multiplication problems to finish in ten min-
utes. Every child in the class except one (who made
two errors) wrote one hundred correct answers
within the time limit. This article describes some of
the games we used, how we modified commer-
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cially made games, and what we learned by using

them.

Seven games are described under three head-
ings: a game involving one multiplication table at a
time, games involving many multiplication tables
and small but increasing factors, and games requir-

ing speed.

Rio is a game that is best played by three children.
If there are four players, turns come less frequently,
and children will be less active mentally. Rio uses
ten tiles or squares made with cardboard, fifteen
transparent chips (five each of three different col-
ors), and a ten-sided number cube showing the
numbers 1-10. For the table of 4s, for example, we
wrote the ten products (4, 8, 12, 16, 20, 24, 28, 32,
36, and 40) on the tiles. These tiles are scattered in
the middle of the table, and each player takes five

chips of the same color.

The first player rolls the number cube, and if a

By Constance Kamii and Catherine Anderson

1

tive thinking.

Copyright © 2003 The National Council of Teachers of Mathematics, Inc. www.nctm.org. All rights reserved.

This material may not be copied or distributed electronically or in any other format without written permission from NCTM.

Constance Kamii teaches at the University of Alabama at Birm-
ingham. Her interest is in figuring out how to improve mathe-
matics education for young children by using Piaget's theory.
Catherine Anderson holds a master’s degree in education and
has taught for more than fifteen years. Twelve of those years
have been at Rio Vista Elementary School, a Title |, NCLB,

under-performing school. Her focus areas are the development of subtraction and multiplica-

135



Photograph by Beth Friedland; all rights reserved

Children practice a multiplication game.

5 comes up, for example, he or she puts a chip on
the tile marked “20” for 5 x 4. The second player
Easy products and increasingly greater factors then rolls the number cube, and if an 8 comes up,
he or she puts a chip on 32 for 8 x 4. If the third
player rolls a 5, the tile marked “20” already has a
chip on it, so the player must take it. The third
player now has six chips and the first player has
four. Play continues in this way, and the person
who plays all his or her chips first is the winner.
This is a good introductory game, and most
third graders begin by using repeated addition

3 3 6 9 12 15 rather than multiplication. As they continue to play
Rio, finding products when multiplying by 2 and
4 4 8 12 16 20 10 becomes easy. The next products that they mas-
ter are multiples of 5 and 3. Multiplying by 6, 7, 8,
5 5 10 15 20 25 and 9 is much more difficult. The next category of

games is more appropriate after this introduction to
all the tables.

9 Figure 1 shows easy products of factors up to 5.
When children know these products very well,
teachers can introduce factors up to 6, 7, and so on.

136 Teaching Children Mathematics / November 2003



Examples of games in this category are Salute,
Four-in-a-Row, and Winning Touch.

Salute

In Salute, three players use part of a deck of play-
ing cards. At first, we use the twenty cards A-5 and
remove all the others (6-K). Ace counts as one.
Later, we use the twenty-four cards A—6, then A—7
(twenty-eight cards), and so on.

The dealer holds the twenty cards A—5—or forty
cards if two decks are used—and hands a card to
each of the two players without letting anyone see
the numbers on them. The two players then simul-
taneously say “Salute!” as they each hold a card to
their foreheads in such a way that they can see the
opponent’s card but not their own. The dealer, who
can see both cards, announces the product of the
two numbers, and each player tries to figure out the
factor on his or her card. The player who
announces the correct factor first wins both cards.
The winner of the game is the player who has more
cards at the end. (We decided that the dealer should
hold the deck because when the cards were dealt,
the players confused their “winnings” with the
cards they had yet to use.)

When this game becomes too easy, children can
use cards up to 6, 7, and so on, as stated earlier.

Four-in-a-Row

This is a two-player game that uses a board such as
the one in figure 2a, eighteen transparent chips of
one color, eighteen transparent chips of another
color, and two paper clips. Each player takes eigh-
teen chips of the same color to begin the game. The
first player puts the two paper clips on any two
numbers at the bottom outside the square, such as
the 4 and the 5. The same player then multiplies
these numbers and puts one of his or her eighteen
chips on any 20 because 4 x 5 = 20.

The second player moves one of the two paper
clips that are now on the 4 and the 5. If the second
player moves one of them from 4 to 3, this person
can place one of his or her eighteen chips on any 15
because 3 x 5 = 15. On every subsequent turn, a
player must move one of the two paper clips to a
different number. Two paper clips can be placed on
the same number, to make 5 x 5, for example. The
person who is first to make a line of four chips of
the same color, vertically, horizontally, or diago-
nally, is the winner.

The reader may have seen a Four-in-a-Row
board such as the one in figure 2b. This board is
not ideal because some children use only the fac-
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tors up to 4 or 5. The board in figure 2a is better
because it does not involve easy factors such as 1
and 2 and more difficult factors such as 7, 8, and 9.
The range of factors from 3 to 6 is more appropri-
ate at the beginning because it focuses children’s
efforts on a few combinations at the correct level of
difficulty. When the board in figure 2a becomes
too easy, teachers can introduce factors 3—7 and a
new board made with appropriate products.

We randomly scattered the numbers on the
board in figure 2a and chose them in the following
way. The board includes ten combinations of fac-
tors 3—6 because there are four combinations with
3(3x3,3x4,3x25,and 3 x 6), three combina-
tions with 4 (4 x 4,4 x 5, and 4 x 6), two combi-
nations with 5 (5 x 5 and 5 x 6), and one combina-
tion with 6 (6 x 6). Because the board has thirty-six
(6 x 6) cells, each product can appear three times
and six products can appear more than three times.
We usually use the more difficult products for the
remaining cells, such as 36, 36, 30, 30, 25, and 24.
(We omitted the combinations 4 x 3,5 x 3,5 x 4,

Four-in-a-Row boards

24 9 |20 (15 |30 | 18

12 {30 |25 (36 |24 | 16

36 | 15 9 |18 [20 | 36

16 [ 36 |30 (25 |12 | 30

12 {20 |25 (15 |24 | 36

24 |16 | 30 9 |25 | 18

3 4 5 6
(a) A Four-in-a-Row board with factors 3-6

1 2 3 4 5 6

7 8 9 (10 |12 |14

15 (16 |18 |20 |21 |24

25 |27 |28 (30 |32 |35

36 |40 [42 |45 |48 |49

54 |66 (63 [64 |72 |81

1 2 3 4 5 6 7 8 9
(b) A common Four-in-a-Row board
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Photograph by Beth Friedland; all rights reserved

Children run through a practice game before entering into competition.

6 x 3,6 x4, and 6 x 5 from this consideration
because 4 x 3, for example, was the same problem
Two boards for Winning Touch as 3 x 4 to our students.)

Winning Touch

Figure 3a shows the board for Winning Touch to 6
3 and figure 3b shows the board for Winning Touch
to 7. These boards are modifications of a commer-
cially made game called The Winning Touch (Edu-
cational Fun Games 1962). This ready-made game
involves all the factors from 1 to 12 and uses a
6 much larger (12 x 12) board than the boards in
figure 3. A chart on the inside of the cover shows
all one hundred forty-four products, and the
instructions in the box advise the players to consult
this chart when they are unsure of a product.

(a) Winning Touch to 6

3 We took the chart out of the game because it
motivates children not to learn products. When
4 children can look up a product quickly, they are

deprived of an opportunity to learn it through the

® exchange of viewpoints among the players. The
6 second modification we made was to eliminate fac-
tors less than 3 and reduce the range of factors. For

7 example, when we made the board for factors from
(b) Winning Touch to 7 3 to 6, we called it Winning Touch to 6 (see

fig. 3a). As the class became ready to move on to
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more difficult factors, we made new boards and
called them Winning Touch to 7 (see fig. 3b), and
so on. We eliminated factors greater than 10, as
well as 10, from the game.

Two or three people can play this game. Win-
ning Touch to 6 uses sixteen tiles, on which are
written the sixteen products (9, 12, 15, and so on)
corresponding to the columns and rows. All the
tiles are turned facedown and mixed well, and each
player takes two tiles to begin the game. The play-
ers look at their two tiles without letting anyone
else see them.

The first player chooses one of his or her tiles
and places it in the square corresponding to the two
factors. For example, 25 must be placed in the col-
umn labeled “5” that intersects the row labeled “5.”
The first player then takes one tile from the face-
down pile to have two tiles again. The players take
turns placing one tile at a time on the board. To be
played, a tile must share a complete side with a tile
that is already on the board. Touching a corner is
not enough. For example, if the first player has
played the tile marked 25, the only products that
the second player can use are 20 and 30.

If a player does not have a tile that can be
played, he or she must miss a turn, take a tile from
the facedown pile, and keep it in his or her collec-
tion. In other words, the player cannot play this tile
during this turn. The person who plays all his or
her tiles first is the winner. If a player puts a tile on
an inappropriate square, the person who catches
the error can take that turn, and the person who
made the error must take the tile back.

When the students are fairly certain about most
of the products, it is time to work for mastery and
speed. The next section discusses Around the
World, Multiplication War, and Arithmetiles.

Around the World

In this whole-class activity, the teacher shows a
flash card and two children at a time compete to
see who can give the product of two numbers
faster. To begin, the whole class is seated except for
the first child, who stands behind the second child
to compete. The winner stands behind the third
child, and these two wait for the teacher to show
the next flash card. The child who wins stands
behind the fourth child, and so on, until everyone
has had a chance to compete. If the seated child
beats the standing child, the two exchange places,
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and the winner moves to the next person. A child
who defeats many others and makes it to the end by
moving from classmate to classmate is the cham-
pion who has gone “around the world.”

Some teachers feel that Around the World bene-
fits only students who already know most of the
multiplication facts. When used skillfully, how-
ever, this game can motivate students to learn more
combinations at home.

Multiplication War
War is a simple game that uses regular playing
cards. In the traditional game, the cards are first
dealt to two players, who keep them in a stack,
facedown, without looking at them. The two play-
ers simultaneously turn over the top cards of their
respective stacks, and the player who has the
greater number takes both cards. The winner of the
game is the person who wins the most cards.
Multiplication War is a modification of War. We
begin by using cards up to 5 and later add the 6s,
7s, 8s, and 9s gradually. After dealing the cards, the
two players simultaneously turn over the top cards
of their respective stacks, and the person who
announces the correct product first wins both
cards. The winner of the game is the player who
collects the most cards. It is up to the two players
to decide, before beginning the game, what hap-
pens in case of a tie.

Arithmetiles
This is a modified version of a commercially made
game called Arithmechips (Lang 1990). Arith-
mechips uses a board that has a grid of eighty-one
(9 x 9) squares and one hundred fifty-six chips.
Most of the chips have a multiplication problem on
one side and the corresponding product on the
other side. To begin the game, eighty chips are ran-
domly placed in every square of the board except
the one in the middle marked “X,” with the prob-
lem side up. The players win chips by jumping
over one chip at a time, as in Checkers, reading
aloud the problem on the chip they just jumped,
stating the answer, and turning the chip over to ver-
ify the answer. If the answer is correct, the player
can keep that chip.

We modified this game and called it “Arith-
metiles.” We made the following modifications:

e Eliminating factors of 0, 1, 11, and 12

e Introducing the requirement of speed

e Eliminating the possibility of “self-correction”
by not writing a product on each chip
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Possible jumps in Arithmetiles
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(a) The eight possible jumps at the
beginning of the game
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(b) Possible moves involving one
or more jumps

¢ Eliminating the requirement of having to read
the problem aloud before stating a product
¢ Introducing levels of difficulty

Arithmetiles is a three-player game played with
a9 x 9 grid that has an “X” in the middle. The
game requires eighty problems because players
must fill all the squares in the grid except one with
tiles that have multiplication problems such as
6 x 7 on them. But because there are only sixty-

four combinations of the factors 2-9, sixteen prob-
lems must appear on more than one tile. We use the
following more difficult combinations on the six-
teen tiles: 6 x 6,6 x 7,6 x 8,6 x9,7x6,7 x7,
7Tx8,7x9,8x6,8x7,8x8,8%x9,9x6,9x%x7,
9x8,and 9 x 9.

The eighty tiles are placed, facedown, on all the
squares except the one marked “X.” The first
player may play any one of the tiles marked in
black in figure 4a and jump over a tile into the
empty cell marked “X,” vertically, horizontally, or
diagonally. He or she quickly turns over the
jumped tile and announces the product. If the other
two players agree with the product and the speed
with which the player announced it, the first player
can keep the jumped tile. If the product is incorrect,
the person who was first to correct it can keep the
tile in question. If the other two players agree that
the first player gave the answer too slowly, the
jumped tile is returned to the grid and the turn
passes to the next player.

The X cell is filled after the first play. The sec-
ond player can choose any tile that he or she wishes
to jump vertically, horizontally, or diagonally into
the vacated cell. Play continues in this manner, as
in Checkers. The person who collects the most tiles
is the winner.

As figure 4b shows, making two or more jumps
is possible. To make multiple jumps, a player must
keep his or her hand on the tile while stating the
first product and every subsequent product.

Teachers can make Arithmetiles more difficult
by eliminating the sixteen easy products of 2-5
that appear in figure 1. In this version, we are left
with only 64 — 16 = 48 combinations of factors. To
have eighty problems, players must use most com-
binations twice and some combinations only once.

Motivation to learn the multiplication tables must
come from within the child. The teacher has much
to do with the development of this motivation,
however. Toward the end of the year, our students’
desire to beat the teacher in Multiplication War and
Arithmetiles inspired them to learn the tables. A
similar motivation was to beat the “stars” in the
class. When many students knew the tables rather
well, the teacher began to challenge as many
groups as possible every day. She briefly played
with one group, left the students to continue play-
ing by themselves, and went on to the next group,
asking, “Who’s going to beat me today?” Some
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students made flash cards to practice at home, and
a few were observed quizzing each other with flash
cards on the bus during a field trip.

The children were motivated to learn the multi-
plication combinations because the games were
fun and had a lot of variety. There was no coercion,
timed tests, or the threat of a bad grade. Of course,
the teacher explained how this knowledge would
help in fourth grade, but students largely ignored
such talk about next year. When the teacher played
every day with small groups of children, they
received a stronger message: that games are impor-
tant enough for the teacher to play.

What about the games was fun to a third grader?
Students made decisions every day about which
game to play and with whom. Deciding whom to
play with was especially a “big deal.” Students
who had mastered many of the combinations
wanted to play against someone at the same level.
Those who were not fluent wanted to play against
someone at their level so that they still had a
chance of winning. A difficult game such as Arith-
metiles was not popular with the slower students.
They tended to choose games such as Winning
Touch, which did not penalize them for lack of
speed.

The teacher’s role was considerable in giving
choices and maximizing learning. We deliberately
introduced the more difficult factors one at a time.
For example, when we introduced 6 as a multiplier,
we played Winning Touch to 6, Four-in-a-Row to
6, Multiplication War with cards only to 6, and
Salute, also with cards to 6. We played these games
over a two-week period using factors up to 6. After
that, we focused on factors up to 7 for about a
week, then factors up to 8 and 9.

After a month, when the students had played all
these games at four different levels of difficulty, the
teacher began to announce on some days that
everyone had to play a game with sevens or that
everyone had to play Winning Touch at their “just
right” level. She also introduced other games such
as PrimePak (Conceptual Math Media 2000) and
Tribulations (Kamii 1994). The children also bene-
fited from whole-class discussions of strategies. In
one of the discussions, for example, one child said
that multiplying any number by 8 is easy if “you
double it and double it and double it,” meaning that
8 x 6 can be done easily by doing 2 x 6 = 12,
2 x 12=24,and 2 x 24 = 48.

As the year progressed, the students selected
appropriate partners and games. Some stuck with
the same game for a long time; they needed time to
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develop comfort with certain combinations. Every-
one learned the multiplication combinations and
enjoyed doing so.
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PLAYING WITH NUMBERS

Constance Kamii and Reinventing Arithmetic in
Early Childhood Education

Barbara Beatty

Convinced thar famed Swiss peychologast Jean Piaget, wicth whom she ssudied in
Geneva, was night about children’s cognitive development, Constance Kansn took
oo the nsk of revencng how young children are mught arithmenc. In thas
chiaptor [ wxamine bow Kamii came to think that almost everything sbout trads-
ponal arsthmetic teachang for preschool through Grade Three was wrong, and
home she went on to co-author aud winte the booky Plager, Childem, and Number
(1976), Phyucal Knowdedpe in Preschoo! Educanon (1978), Growe Games n Bady
Edweation (1980), Nuwder in Prevhoel aud Kindegarter (1952), Youny Children
Relvvenr Arithwenic (1983), Young Childen Conninue fo Retnvent Arithmene, 2nd
Gradr (1989), and Yourgy Childeen Centinne to Reinvens Aritietic Ind CGuade (1994),
which continge w0 influence early childhood education wday.

One of the lkeading figuces in the movement for comtructivie preschool
sducaon (the noton that young children construct comcepts on their own,
through play with materials and games, m carefully plinsed chasmoom settngx
with supportive, interactive teachers), Kanai has tirelessly promoted her belieSs
nationally and internationally Her idess were percaived 1 50 radical, aspecially
that of the harnfulness of directly teaching young children algonithns, that she
eventually had to move [rom Chicago o Alabans, where e could find a few
pencpals who would allow bher to experiment in their schook.

In the tadwion of preschool educataes sach 15 Friedosch Froebel, Patey Spaith
Hill, and Harriet Johnson, Kamii believed that childeen kearned basic conceges as
well 2 sophiwicated knomdedge chrough mangpulstion of phyical rutesialy
Throughout her long carcer, Kamm argued that playing with blocks and other
proschool materials and games was how chibdren beapned arithmetic in a deep and
lasing way Abead of the times, Kamish woeries about the cffectivencss of anth-
mctic teaching and learning are the subject of great concern currendy, when
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mathemncal knowledge and weakneses in math teaching have been identified
as one of the greatest problems in American educstion.

An International Childhood and Education

Constance Kamisy radical ideas about how yousg children learn and should be
taught were influenced by her internasional background and edocation. Inizially »
Jopanese citizen, she was born in Geneva in 1931, where her father was working for
the Interratioml Labor Orngamization, Her paconts, Kamii says, had “very
democratk ideas™ She grew up speaking French 3 her first binguage, despite her
pasents’ eforts to teach her Japanese (Kami, 2008). In 1939, when she was eighs, her
father took the famdly back to Japan, where Kamui lived during Woeld War 11, She
remembess the bombangs every night. She remembers the “at-ta-ta-ta-ta-ta" sound
of machine guns during the day and wonderisag “am | st alive?” ser cach attack.
Educated i Jpanese schools, which during this period were quite regimensed
{2 pedagogical formabty she later rejecred), Kamii Jooked back om her cardy
education 1 Geneva 25 3 e when she was froe to explore and learn on her own.

Kama's bfe was affected by Amenican prejodice sgaingt the Japancse. Her
mocher, who was Japanese-American, lost her citizenship after Woeld War 11, but
then regained it, as other Japancse-Americars did. Not nsturalized until later in
ber Bfe, Kanui's legal ststus 25 a Japancse gatizen had an impact on her career pach,
Kamii became mterested in psychology ind education when she came to the
United States in the 1950s, where her mother and brother had moved. Kamij
attended Pomona College in Califoenia, and after gaadaating in 1955 with a
major in sociology, wene on to the University of Michigan, which gave her 3
scholarship, to get a Master’s degree in the School of Educaton. With 2 student
visa that requared her o continue wudying, she stayed on at Michigan 1o get hee
doctorate in psychology and education.

At Machigan, Kansii met fellow student David Weikare who in 1961 belped ber
get a job as 2 half-time counselor in a junior high school in the nearby Ypsilanti
Pablic Schools whele she was stall 3 graduate stadent. Weikart, who would go on
to become a world-famous peeschool researcher, had begun working i Ypsilana
in 1957 & 2 paychological tester for developmentally defayed children and a year
Bter became the director of special education. Witk Weskart, Kamis began focusing
on the antecedents of learming problesns (Kamii & Weikare, 1963; Weikare, 2004).

Piagetian Preschools

Kamiss ideas abosn arnthimetss teaching and learning were grounded in research
she chid wich Weikart at the now iconsc Perry Preichoal Project in Ypailant,
Michigan. Kami thess beoke with Weikart over how Piage’s concepes should be
implemented, and went on to develop her own idess sbowt young children'’s
learming,
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Based on thewr experiences working with children with special needs, Kamis
and Weskart wondered whether something maght be dome befoce children enteced
scheal that would help prevent later problems. As a coundedor, Kamai noticed that
the children geting kicked out of clast weee from Jowsincome backgrounds,
“rroublenakesy,” and that the trouble started righe away, in kindesgarten. Kamii
began doing sesearch for her disertation that gave her more evidence that
eeaching what today would be called “at-risk children" casly was very important,
With a list from the welfare depastment, she studied the chald-rearing practices of
African-American mochers living in deep poverty and sew how difficult it was for
many of them to peovide their four-year-cldh with the kind of enriched educa-
tonal emvironnsert that young children from middle-clas backgrounds received.

With “compensatory education,” the idea that schools could make up for the
“eulural deprivation” of chaldren from low-income backgrounds, in full sway and
growing concerns about the effecs of poverty and social inequalicy, Wedkare and
Kama were part of 3 new wave of researchers Jooking to peeschoal education to
help the children of the poor (Bearty, 2009, 2012; Bereiter & Engelmann, 1964
Deutseh, 1967; Gray & Klaus, 1965). Determined to prove that preschool educa-
tion could raise poor children’s 1Q scores and prevent school failure, Weikast
comvinced the Ypsilanti school districe to let bim begin an experinsental peeschool
at the Perry Elementary School in 1962, which became the Perry Preschool
Project. Initially seen 35 3 form of remedjal preschool imervention, the project
combined the ideolegy of special education with early childhood education.
Enabled by the coumty'’s forward-looking move of spproving new funding for
special education, Weikart realized that public money could be spent on theee-
and four-year olds with special needs (Weikare, 2004).

When Kami: joined the project in 1964, she immediately became immersed in
preschool, compematory, and special edocationr—all major influencet on ber later
work. Sent mto the Perry Scheol neigghborchood in the summer o recrux low-
ncome African-American three-year-olds whose low §Q test scoses, most in the
70-85 range, predicted they would have trouble in school, Kamii helped asign the
childress randomly for admassion to the experimentl preschool o a contzol group,
w0 be followed longirodinally Working with Perry Preschool social woeker Nosma
Radin, Kansin realized that mamy African-Amencas mochen bving in difficult
circumstances felt 2 strong need to peotect their children from harm, and thos “oves-
protected” and “thiclded” them, compared to white middle-clas mochers who
wanted 10 expose their childeen 1o clullenges and were freer to do so. In articles the
published wath Radin, Kamii described social class differences i the child rearing
wydes of African-American mothers and angaed that social class, noc race, wis the
impartant varsble, providing moee evidence that Afscan-Amernican children from
low-income backgrounds would benefit friom being in a preschool thas would chal-
lenge them, in 2 safe emvironment (Radin & Kamis, 1965; Kasui & Radin, 1967).

The Perry Preschool Project was designed to give theve- and four-year-old
at-risk African-American children the same kind of entiched pecichool education
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that muddle-clas children got in nunery school The children astended three
howrs 2 day, five days week, for the length of the school year for two years, and got
0 minete weekly home vaies frams thesr reachen, who Bad 0 be flly certified,
Kamis did pre-tests and post-tests on the children. After one year, the Stanfoed-
Binet 1Q rest scores of the children in the program went up, way up, 10 average of
15 points, which pat them into the normal range, a big deal in an era when most
piychometrictars stll believed thae [QQ was an inberited, fixed characteratic
(Weikare, 2004, 52-54).

After the second yeir, however, when the Perry Prechoal childeen entered
clementary school, their [Q test scores started to go down. Weikart wondered
whether the Perry Preschoal curricudum nught be the peoblem. He had instialy
wanted a currculum based on John Dewey’s philosophy of active leaming
combined with the Perry Preschool teachens” traimng in traditional nunery school
education, but was disappoinsed that the teachers did pot seem to be doing much
planning. The chaldren were given Jots of tme for free play but were not getting
any special acadenuic help. During the first year of the program, after a lietde boy
threw a chair scrom che room, the teachers realezed that they neaded 1o be more
proactive. They began to give more guidance and verbal instructions, and talked
to the children 3 bot, in what becaume known 2 2 “verbal bordardment” appeoach
(Weskart, 2004, 64-65).

The Perry Preschool curricalum evolved further when Weikagt dacovered
Piaget, while reading a review of J. McVicker Humts influencial 1961 book
Losellipesce and Experience, whach summurized Plaget’ theorses and emphasized the
role of the environment in chald development and educatcion (Hune, 1961).
Weikart coneracted for the teachers 10 be given Piaget workibops and studied the
work of Iscacli preschool rescarcher Sara Smalansky, who focased on how teachers
should sk diadvantaged childeen 1o plan what they were going to do in their
play before they did it (Mankovitch, 1972; Smilamsky, 1968). Weikart consulred
with paycholognt Robert Hew of the University of Chicago, who seggested that
the children should review thear play after each session. These sdeas came togecher
in the Perry Prechool’s “plin-do-review" approach, in which children met
with a teacher for abowt 10 to 15 minwtes to plan their play, played for about
45 minsues 10 an hour, and then met with the teacher sgain 10 review what they
kearnod from their play (Weskart, 2004, 65-66).

When Kami joined the Perey Preschool Project a3 3 Research Associate in the
second year of the program, she was dissatisfied with the carniculum, too. It sall
seemed like 3 traditional nursery school. When she asked the teachers what it was
good for, they saad language and emotional development. What about the “three
Rs?" Kamii sked, knowing that the children needed help wieh literacy 1o do well
in school. So Kamai started reading curniculum books, and found “generalities,”
“Nice, sweet generahieies™ Kamis bad heaed sbout the Dirsect Instruction, academic
skills-based peeschool program that Carl Bereiter and Siegfried Engelmann had
started at the University of Ilinos, bat woered o children weee having srouble
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learming to read in first grade it would be much harder for them when they were
three (Bereiter & Engelmann, 1966).

When Norma Radin gave Kamii 3 copy of John Flavells (1963) 7he
Developmental Psycholegy of Jean Pigget, a scholarly exegesis on Pagets theories,
Kamii reabized that she had found a “goldmine™ that could be applied to carly
childhood education. She told Weskart that the Perry Prewchool program curric-
uluen needed to be even more directly Plagetian. Using the language of compen-
satory education, Kamsi was convinced that “disdvantaged” children had
“cognative defacits,” as she later wrote i an asticke with 2 Perry Preschool resesrch
assiszant, because they had not gone through the Piagecan seages. They needed 2
currculum that would help them peogress through “the transition from sensory-
motor intelligence 1o conceprual invclligence,” so that they could acquire cogni-
teve skills (Sonquist & Kamii, 1967).

To create 3 curriculem that focused on teaching specific Piagetian concepes,
Kanwi decided she needed to learn mare, from Paget directly. In June of 1965,
when she gradusted with her doctorate from Michigan, she gave berself the
prewent of going back 10 Geneva. She got 1o Geneva just in time o hear Pagery
lasz lecture of the semester, Meunerized, she could undenstand Piagets French
exily While in Geneva, Kamié met David Eliand, who was finishing up a post-
doctoeal fellowship. Elkind became an infloential professor of early childhood
educsgion at the Elot-Pearson School st Tafts University and would soce become
one of the main “popularizers”™ of Piaget in the United States. She 2bo met many
other Piages researchers with whoms she would later collaborae, and wis aipe-
cally impeessed by the work of Piagees close colleagae and co-author Barbel
Inhelder, who planned the experiments that children were doing with obsects,
which became the basis for Piaget’s increasingly complex theory of logico-
mathermatical development (Beacry, 2009; Hieub, 1997).

When Kamii came back to the Perry Prescheal project she warted applying
Praget’s theories in earnest. With Neema Radin, she wrote 2 framework foe how
Piagetian stages and sub-stages could form the basis of a preschood curricudam,
and then tramlated the framework into activities, She showed the teachers how
they could use regulas nursery school activities to help children comstruce the
Piagetian concept of object permanence with games in which the teachers hid
objects, 3 Plaget had done with his children Jacqueline 20d Laveent. Kamii
demonstrated how to make a duck out of clay, to help children understand that
the duck was 2 "symbol” that “represented™ 2 real duck. She told the teachers 1o
ask the childsen to put blocks in order from smallest to largest, and to organize the
doll corner so that the childeen would order the dishes and sore the doll clothes
by size, to teach classificacion and seristion, She suggesied asking the children o
put 2 cap én the table and to jump owr a rope, and what came next in the daily
schedule of play-time, outdoor-time, and snack-time, to teach spatio-temporal
relationships. She showed how asking the children what would huppen when
they pushed their juice cup or a block tower hard could be used to teach
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cause-and-effect relationships. She demonstrated how pointing cut that when a
cookie was beoken into two picces it was #ill the same cookie, coukd be used to
teach conservation of quanticy. Almost everything in the narsery schoal environ-
ment, Kamii srgwed, could be munipulated 1o tarn it into an oppoctunsty for
dsadvantaged children to learn Plagedan coexepts and further their cogritive
development (Kanii & Radsn, 1967; Sonquant & Kamii, 1967),

Indicative of the kands of tenwons that erupe perenmially in early childhoed
education over fine pomty of pedagogy, relations between Kama, the teachers, and
Wickart became strained. The teachers objected thae they were being told what
was theoretically correct and incorrect and what to do in their clasrooms, Since
Kamii had not been a teacher, they thought that they knew moee about the
childeen's individual needs and bow to plan for them than e did. Kama
chjected that Weikare was not applying Praget directly enough. Wedkart decided
that he would e the teachers’ judgment d that the Perry Preschool
curriculum would never be 2 “stnctly Plagetan-based program,” it would be 2
“cognitively criented curriculum.” Kamii resigned from the Perry Preschool
Project and left for 3 year of postdoctoral study in Geneva (Weikare, 1971;
Weikart, 2004, 67).

Kamii spent 1966~67 in Geneva nking courses with Plagee and Inbelder at the
University of Geneva, where Kamia became completely unmersed in Pagetian
theory. She ako began, doing Plagetian experiments with children herself Noc
thinking about what she would do next, Kamis wa contacted by her Perry
Preschool colleagoe Norma Radin, who had received a federal grant to star
another preschool program i the Ypulinei Public Schools. As Carriculum
Drrecror of the Y psilanti Early Education Program for three years, Kamii continued
developing Pagtian preschool activitses, Her ideas about what 1o do naducally
changed. She read 2 1964 article “Plaget Rediscovered,” by Eleance Duckworth,
3 Canadian Praget tesearcher who woulkd have 3 great impact on wience educa-
uon for young chaldren. After reading Duckworth, Kamii began worrying abowt
trying to teach Pagetian concepty too diwectdy Duckwosth snd not to teach
conservation by having children pour water hack and focth from different sized
beakers and mking quesions or poimnting out that the amount of water had not
changed, les the children gradually discover it themselves. Plaget did not think
that "imtensive tramieg of specific tsks™ was weful, Duckworth wrote, because it
did noe affect children's general endentandmng (Duckworth, 1964).

Duckworth, and especially Hermins Sinclaie, 3 Dutch Puagetian from Genevs
who came 1o consult in Kamui's Y psilanti preschool program every year, convinced
Karui that her earhier idess were wrong. Kama realized that she bad been downg
what beginness did, arying to teach Plagetian tasks instead of understanding the
Liger procemses of developmsens, Sinclair old Kamsi that eeaching the tagks, hiding
objects, and pouring of water back and forth, was like taking soil samples, fernld-
wing one ample, and sticking it back, ineead of "fertileing the whole Hedd”
(Kamis, 2008) As Kamis put it, 3t had become:
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control group. Although the children’s 1Q test scores &ad not go back up, in thied
grade cheir achievemnent tew scores and teacher ratings began o rise. In 1984,
when they were 19, 59 percent of the former Perry Preschool children were
emploved, compared o only 32 percent of the group that kad not attended
preschool; 67 percent had graduated from high school or its equivalent compared
to 49 percent; 38 percet compared to 21 percent had gotten college or voca-
tional traming: only 31 pescent compared to 51 percent had been arvested or
desained; and only 16 percent compared to 28 pescent had been auigned
speacil education, The Perry Preschoal group also had higher earnings and caly
about half as many teenage pregnancies (Berrueta-Clement, et of., 1984), Weikart
and his amociates calculated that every dollar invested in the Perry Preschool
gained $7.01, mostly mn savings on special edocation, prisons, and other coudy
public services. Although criticized by some satisticians, the figures carculated
cogntively-ariented curriculum thas Kamii helped design, became 3 powerful
model for wiry the United States needed to increase support for preschool educa-
tor: (Berrvera-Clement ef ol |, 1984; Schweinhart et &, 2008),

Testing Piaget

In the late 1960s and early 1970s, Kamii and other Plagetians mounted a chal-
lenge to behaviorism and the estire edifice of [Q tesing that had dominsted
American psychology since the days of Lewis Terman at the beginning of the
twentiech century. By the ke 19605, Plaget was becoeing well-known in the
United States, and Kamsi was becoming known as a Paget researcher. David
Elkind's article “Giant in the Nursery — Jean Piaget” made a splash in The New
Yowk Times Sunday magszine (Elkind, 196%). Test companses took notice, In 1969,
the California Test Bureaw, 3 division of McGraw-Hill, comvened a conference to
see if developmental and educational psychologists could develop a stndardized
Piagetian test, an Ondinal Scales of Cognitive Development, based on the kinds of
problems Piaget gave children, to measure developmental and intellecnaal mans-
rity. Piaget and Inhelder were invited, 31 were many influential American psychol-
ogists, psychometricans, and early childbood educators, indhuding Milie Almy of
Columbla University’s Teachers College, whose 1966 book Yousy Children’
Thinkisg introduced mamy preschool educators to Piaget, and Selma Greenberg,
who directed the Head Sust program for African American families in the
Mississippi Delea, and Kamii (Green et al,, 1971),

Held at the Montesey Institute for Foreign Studies, the conference began with
an opening addeess by Piaget, in whach he stated that he was not an expert on
ondinal scales, a succession: of tasks or questions designed to measure an individu-
als performance compased to that of subjects in the group upon which the test
was based. Nor was he sure, Plaget said through his translator Sylvia Oppes, that
ondimal scales really messured the shilies they purposted to measure (Piages,
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1971).The second duy of the conference, held at 3 hotel in Carmel, began with a
paper by David Elkind comparing ssmilarities and differences berween Plaget’
views on wtelligence with those of paychometricians who used 1Q testing.

When Kamii found out that Siegfried Engelmann, who, in the ealy 1960y,
with Carl Bereiter, had started 2 peeschoal for educationally dnadvantaged chil-
dren, housed at the University of lllinois at Urbana-Champaign, was going to give
a paper, she ssked o give 2 comment on &t Antthetical to everything Plaget, and
Kamii, stood for, Bereiters and Engelmann’s program, which developed into what
s now kmown as Direct lestroction, wis based on behaviorist methods for
teaching academic comtent in language, reading, and arichmetic in shoe, tghdy-
scripeed, adult-centered lessors. In 3 Jeson on the concepe of weapons, for
instance, the teacher shows the chaldren a picture of a rifle, praises them if they say
it is a gun, especially if they sy it in a full sentence in standsrd English, and has
the claw repeat the rule snd clap rivythmically saying “If you use it to hurt some-
body, then its a3 weapon.” “You use it to POW POW = hurt somebody” the
teacher says, and after 3 serses of ting-song guestion and answery, the peeschoolers
have supposedly been taught the concept of 32 weapon, in 2 quick, two-ménute
“reaching segment” (Bereiter & Engelmann, 1966, 105-110),

Knowing tha Engelmann would claim thae he could teach Plagedan concepus
directly, not through plry, Kamis asked him of she could come to his preschool to
test the children. To her sarprise, he said yes, Kamii designed some clever experi-
merss that she thought would reveal that Engelmann's preschool chaldren did noe
really understand physcal knowledge about how the world worked, which Plaget
waid had to be keamed through play with objects. So she got a big cake of
Ivory soap that would flost and a small bar of hard sosp that would sink and
some other objects, and designed questions to elick the children’ predictions
and explanations.

When Kaimit and her Ypulanti Early Education Project amistamt Louise
Derman arrived at Engelmann’ preschool, they soon realized char Engelmann
had taught the children basic rules, but that the children could not explain the
rudes, When asked whether a block would float, for instance, one litde boy, Carl,
said yes, “Because it is wood" When told it was heavy and allowed to foe it, Cad
chasged b mind, and put # in 3 pile of things that he thoughe would sink, inwead
of explaining the rule, 35 a child who understood the concept would, The poeces
of sosp were especilly puzzling to the childeen, When they saw that the bigger
piece of Ivocy soap floated they were surprised and said things ke “Thats nee
whae it's supposed to do” One littde girl, Ann, sad that both pieces of soap would
sink, because they both were soap (Kamii & Derman, 1971, 130). Kamii and
Derman comchaded that thesr testing proved that childres had to buikd up senso-
nimotor knowledge dowly and that being in a preschool that let them do this was
how it happened.

When Engelmann gave his paper at the conference, which Kamii had ot
seen beforehand, Engelrana critiqued Plaget for backing as explinstion for how
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childeen Jearned. Piaget’s theocy was nothing “mose than 2 set of sccurate descrip-
tions about the performance of children at differene ages.” Engelmann said h
maght as well have been based on “learing-producing™ rays from outer space,
Plages did noe provade a theory that “clearly smplies inszruction, lack of instruc-
tion, oc evaluation of instruction” (Engelmann, 1971, 120-121),

Just s Kamii had expected, Engelmann claimed that he had successfully nught
Plagetian conservation tasks dizectly, through shoet lectures, Engelmann had
found, he mad, that kindergarten chaldren could learn the principle of comserva-
tion of guantity without playing with objects, without pouring water back and
forth, secing it poured, or oven seeing a diagram of it, “after 54 ouinutes of instruc-
tice, dstesbuted over 3 S-day period” (Engelemann, 1971, 126). Ir was sieple o
teach what Piaget called development, Engelmann chaimed, childeen “are Gught.”

In the respome she gave after Engelmann’y pessentation at the conference,
Kamii disagreed. Young childeen could not learn logic “without takmg into
account the natura! developmental sequence that Plaget described ™ In face, Kamas
argued, the verbal rules Englemana had taughs the children mmade it Barder becasne
they blocked the children’s “imtellectual contace™ from comang to grps wich cthe
real objects, Engedmann had sald that che Piagetian msodel was an ineflicient way
to teach. On the contrary Kamwi said, imposing rules could mask childeen’s
mwaltiple explinations, but not elimimate thelr incuitions, sonse of wiich were
incocrect. The Piagotian approach to teaching, Kamiz sid, was not to leave chil-
dren alone, bet to provide situations and materials theough wixich children could
budd up knowledge interactively and thus progress o the next stage of develop-
ment (Kamii & Derman, 1971,142, 143, 145, 146).

The confrontation between Kamis and Eagelmana was 2 sundolf, Engdounn
sad that he knew that his imstroctional methods needed to be improved. The
problem, he argued, was that he had noc taaght a rule that would allow childeen wo
gencralize sufficently, so “faulty instruction” wan 2 problem, Engelrmana abo gave
a more basic answer, however, that he thought explained away some of Kamins
reiales. The reason the lide giel Ann had had so mvach woukle with the soaps wa
“appallingly simple.” She had been absent two of the days when compermating for
changes in recangular objects had been taughe (Engelmann, 1971, 147, 126).

Kamis had defended Plagetianism, at a conference Plaget hamsclf had attended.
While she had not cosvinced Engelmann that he was wrong, she got affirmation
from Pragety co-researcher Barbel Inbelder thar Kamii had made some good
poines (Kamui, 2012). Engelmann continued to woek on his behavicent preschool
maothods, bat behaviorten was oa the wane. Cognitive-developmental models
were ragadly becoming the dominant approach in preschool education.

Back to Geneva

Knowing that she needed 0 learn more about Plagetian theory, 50 that she could
design betrer preschool currcula, in 1970 Kamii left Ypsilann foe good and wene
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back to Geneva for another postdoctonal year, This time she had been invited to
do research at Piagets Intermational Center for Genetic Epistensology, 3 high
hooor. Each spring, Piaget would announce wiat the topic would be for the next
year. Over the summer, research fellows dreamed up an experiment, 3 peoblem
selated o Plagety announced topic. All summer the research fellows, Piagets
“slaves” as Kamai called chem, of wizom she was cee, played with the apparstuses
they wete bulding, worrying if Plaget would approve them in the fall.

Kamii designed 2 problem with a balance beam, in which children were o
peadict what would happen when they tried putting small metal washers a
different points on the balance beam and explain wivg Kamsi broughe her balance
beam apparans to the fist seion of the yeas, the fint Moaday in October, when
research fellows had to present their plans. She was anxious. To her relief, Plager,
the Patron, as his scudents called him, spproved of her experiment, Kama ook her
apparatus to schools in Genewa, a researcher’s paradise because Piaget had 2
standing areangement that his researchers could smply walk into 2 school ca sy
afternoon and announce 1o 3 teacher that they were going to take chiliren out of
the dassroom to study them, a blanket permission thar Kanli would later find
wery hasd o get,

Strong believers in collaboration, Plagee and Inhelder, who colliborated on
everything themselves, imisted that sesearchens work in paics, a habit Kamii
continued in much of ber own research. Kamii's parmer for most of the years she
kept comang back to Geneva was Sylvia Pursaz To get 1 feel for the range of devel-
opment, Paget required rescaschens o start by interviewing a four-year-old, a
six-year-old, and a ten-year-old, and then fill in moee chaldren of dfferent ages wo
test the theory st different levels, Kamii and Pareat spent Bours together wlking
abowut their research problems, did a year of one-day-a-week cbservaticns, and
were critiqued by Pisget and other members of the semizar, weekly, At the end of
the year there was 3 resexrch symposium o which Piaget invited renowned senior
researchers from around the world, at which the fellows presented chels findings.

Like that of other of Pragee’s students, Kamii'y research contribused direcely and
indirectly to Piaget’s and [nhelder’s own wock. At the end of the year, Kamii and
her partner would turn in sbout & 15-page reporct on their research, which Piaget
and Inhelder would take up to their chalet in the mountains, along wich the
reports of the other “saves™ Kamdi never knew where or il paeces of her research
maght tuen wp s Plageth and Inhelders books. Kamii and the other fellows were
credited in references or acknowledgements, but the Patron acted a1 if he owned
their work. Sometimes Kamil would barely recogrize ber research when she saw
it later, in part because Piaget made up theosetical explinations wrigten in loag,
desue, complicated semences. Eventually, usually after about theee years, Kamii's
research wosld appear in some form in the Awhives de Pyycholopie, the journal
begun i the Usniversity of Geneva in 1902, Soon Kamii was smked to take charge
of 3 research seminar on Plagetian methods herself, which she alternated teaching
in the spring and fall s the University of Genevs for twelve yeass, with Eleanor
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Duckworth, anocher Piaget disciple, during which time Kamis became moee and
more convinced thar Plagets idess were scentifically correcs,

Playing with Numbers, Objects, and Games

From the mid-19705 1o 1980, whale Kamil was going back arnd focth from Geneva,
she colhborated with Rheta DeViries, another Piagedan psychologi and
educator, 1o write three very influencial books that helped make Kamii widely
kmown in early childbood education, DeVeies, who Kamis had met at one of the
many Plaget conferences held in the Unsted Seates throughout the 1970y, helped
Kamai gee 3 job 2t the Univessity of [llinois at Chicago Carcle. An elementary
school teacher, DeViies had completed her doctorate in psychology at the
Universey of Chicago under Lawrence Kohlberg, who became famous for
applying Plagets stage theory to mocal developmens (DeVries & Koblberg, 1957),
As Kamis and DeViries heard stories from their Masten” students sbout terrible
arithmetic teaching, Kami and DeVries became comvinced of the need for a
bock on Plagecan approaches wo arithmetic for young childeen, Kamii knew that
Piaget’s theories were especially strong in the area of logico-mathematical knowl-
edge, and that teaching reading was 2 crowded field, so she decided to focus on
arithmetic, Kamii and De Veies had plenty of time to design Piagetian arithmetic
teaching activides because Kamii lived in De Vriess aparument building i the
Hyde Park section of the city They temed their ideas in child case centens in
Chacago, Evanston, and at the Unsversity of [llincas, Chicago Circle Preschool.

In their 1976 book Piager, Children, and Number, Kamit and DeVries anerted
that everything sbout how young children were traditionally taught numbers was
wrong. The mames of numeral, number of chings in a group, and how to count
weee arbiteary “nuenber faces” the teacking of whach was useless, even potentially
harmful. It was rote memorization of arbitrary social knowledge, withour real
undersanding, Numbers are not “oat there” in numbers of objects. Children have
to play with objects and oeder and group them mentally, Kamis and DeVries
thought, and then see that “eightness” is a relaconship. To understand eight or any
other number, young childeen have to construct 2 concept of eight, and no
amount of councing practice, or drill will kelp. Theow out all of “one, two, theee”
Kamii and DeVrnies, said, childeen have to pliy with objecss to undentand
rambers, before they can go on to more complicated arithmete (Kamii &
DeVries, 1976, 7-10).

Teachers should not past leave children alone, however, Kamii and DeVries
said, but racher teachers should help children comstract number concepes by
thoughtfislly caing fmiliar objects and sking good questions. Arithmetic learning
happened all of the time, not just during “math dme” At snack dme teachers
should ask “Do we have enough cups for everyone?™ o "Do we have too
many cups?” Kamii and DeVries also guestioned the asefidiness of many exisong
maath “manipalitves” a8 specully desgned obgects for chaldren o ute to beam
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arichmetic are called. Cumenaire rods, the coloced wooden rods that come in
mulkiples by length, Montessori’s graduated materials, and most other math
manipulatves dad not help, Kamii and DeVries said, becase young children
undersuand number as “one of ™ an object, not that a loager object means more, or
that two i included within 2 rod that is twice & long,

It was especially important for children to check their own answers, Kamui and
DeVieies angaed, Teachen should not give children the right answer or tell them
that they are wrong, a very controversial notion in a field where getting the night
answer had Jong been the goal. Inead, teachen should ey 10 figuse out how
children themselves are thinking. Did the child get the right answer by acadent?
Did the child consruct how to do it logically, but puke 2 computational error?
Getting the wrong answer for the right reason was better than gesting the nght
angwer foe the wrong reason, Kamil and DeVries stated, flying in the face of how
arithmetic was customarily taught (Kamii & DeVies, 1976, 11-26).

Pusger, Children, and Number was an imumediaze success, even though it almont
did mot get publahied When Kamii and DeVries sent the manacript to the
National Association for the Education of Young Children, NAEYC st on it for
2 long sme. Kamnii thinks this was because it was moee theceetical dun books
NAEYC usually published. When it finally came out, Kamii became famous in
the carly childbood education comumunity and began giving ks 1o huge auds-
ences at prescihool conferences. Despite the book's populasity, Kame was dissatis-
fied. In the 1982 edition that she wrote on her own without DeVries, to “correct
the cerony and madequacies” in the oaginal volume, Kamil thanked Herming
Sinclair, and especially Eleanor Duckworth, for helping her see that teachers
should mot be explicicly teaching Plagetian waks. In the second edition “teaching™
numbers is in quotation marks, because “number & not directly teachable,” Kamii
says. “How precisely the chidd constructs number is still 2 mystery” Kamis wrote,
just 3 how childsen learn Binguage s 3 mysery (Kamii, 1982, 21, 25; Lacarides
& Hamitz, 2000, 134).

Emcndal to Kamits appeoach and pase of what made &t 0 origizal was her
emphasis on children’s sutonomy. Kamai had had an epiphany. Autonomy was the
am of education, not development, an issue about which she and DeVries
disagroed. Many in the cazly childhood education commenity ssw intelloctual
development as the goal Kamii did not, and appended a keynote address she had
pven on astonomy to her 1982 Number in Preschool and Kindegparten, Like most
Americans, Kamii had been deeply mfluenced by the events of the late 1960s and
1970s. Martin Luther King Je. was one of her bigges heroes, along with
Copernicus. She praised former Attorney General Elliot Richardson for acting
auonormously by defying his boss Richard Nixon in 1973 by refusing o fire
Puaget’s theory of monl development explained why some people were able o
act autonomously, Kamii anpeed, Praget showed how children could comstruct 3
sense of aotonomous moraliey, through interactions with other children and
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adules, when chaldren were given the oppoetunity to make decsions and expen-
ence the comequences of their decisons (Kamsa, 1981),

Following their book on number, Kamdi and DeVries went on to write about
physical knowledge, concepts aboat the way the physical workd works thar chal-
dren construct from playing with objects and observing reactions and transforma-
tans, asother type of development that Plaget and [nhelder studied As Kaenii and
DeVries explained in their 1978 book, Piysicsl Kneufedpe in Preschool Education,
origanally publithed by Prencice-Hull, mot NAEYC, the Pugetiun spproach
avoided the “verbalism" of traditbonal science education. In a traditional textbook
leston on crysals, for imsrance, the teacher shows children crysual and rocks
explains what they are; gives children salt, bluing, water, and ammonia; and in one
Bour crystels begin o form. As with their book on number, Kanui learned from
observing real teachers and chiidren how children could learn sience more offec-
ovely. Kamis and DeVries encouraged teachers to let childeen invent experimens
on ther own, add differene things together and peedice what naght Bappen, so
that the children would be sarprised by some of the resules, the way real saencises
would be (Karii & DeVries, 1983, 3-4),

As with undenstanding of the peopertes of number, understanding physical
knowledge did noe develop by Jeaving children alone, Kamu and DeViies stared,
Queting from The Having of Hinderfd Jdeas by Eleanor Duckworth, Kamia and
DeVries argoed that content was important, children had to know enough abowt
something to be able w think of other things 10 do and ik moee complicated
questions. Bue, barking back to Engelmann’s attempts to directly teach foating
and sunking, Kamii and DeVieses sald thar children puade “abousd statements
precisely because™ they “tried to wie the specific bits of verbal knowledige that had
been stuffed into” their heads. Insiead, for example, teachers could give childeen
boards and rolless to it on and wand on 1o experience different kinds of move-
ment relaciosshaps (an idea Kamii had gotren from a book on the history of engi-
neeting that described how rollers and boards were used o build the pyramids);
gve children balls to aim at different block towers to observe ricocheting and
other effects; build inclines from blocks; set up pendulums; and peovide for water
phay (Kamii & DeVreies, 1983, 21, 31, 311).

In: their third book together, Group Cames bn Esrly Edscation (1980), Kamii and
DeVries emphasized what was becomng known as “comtructivism,” the nogion
that children comstructed knowledge themselves through interacnons wich che
environment, peers, and teachers, sipechlly cheough play, 1a 3 forewoed o the
book, Praget wrote that play was “a particalarly powesful form of activity that
fosters the social life and constructive actrvity of the child,” and noeed thar Kami:
and DeVries had been inspised by his famous study of children playing marbles
from kis 1932 book The Mossl Development of the Child. Filled with long quoaa-
nons from Pragees writings, Grouwp Gamer in Early Edwation, also contained a
ungle-authored appendix by Kamis in which she explained why Plaget’s construc-
tivisrs wa sasentifically-derived (Kamii, 1980), Although not a panaces, play,
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FIGURE 11.1 _]ean Piaget observmg Constance Kam.u facﬂltate young chlldrens play
with manipulatives at the Perry Elementary School Ypsﬂantl M1ch1gan,
October 1967 (Personal co]lect10n of Constance Kamu) o

Kamii said, was the best way for children to learn, construct knowledge, and
become morally autonomous thinkers, and games were a great way for children
to do this. The book also contained a photograph taken when Piaget visited
Kamii in Chicago while he was on a trip to receive an honorary degree from the
Umvers1ty of Michigan.

Kamii and DeVries said that they wrote Group Games in Early Education in part
because they thought that the pendulum had swung “too far from group instruc-
tion to overly individualized instruction.” They also thought that the educational
benefits of playing games were undervalued. Many teachers and principals were
afraid of using group games because “parents complain when children play games
and do not bring worksheets home,” Kamii and DeVries said. Learning from
games was an “alternative to traditional, academic methods,” and could be useful
with older children, as well, although “instruction” became “increasingly
necessary and desirable as the child grows older, but older students would learn
more if they had constructed knowledge when they were young” (Kamii &
DeVries, 1980, xii, 33).

Playing games raised the thorny issue of competition, which Kamii tackled
head on in a single-authored chapter. She knew that most preschool teachers
objected to group games because they were competitive, because they thought
there was “already too much competition in our society” and in the upper grades,
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because children who lost goe upset, and because childees should compete with
themaelves, not with each other, Kamis said that teachers could help chaldren see
that they were comparing performances, sot competing for 2 “thing,” and that
teachers coukd handle competition moee casually, by saying that it was OK to lose,
so that children did not become obnondously boastful. As o competition in the
woeld, the games she and DeVries wore suggesting, Kamit wrote, were different
because the children decided and agreed on the rules, with help fromn the teacher,
and did not get rewards or prizes, As o feeling badly about Josing, Kamis sasd that
teachers should scress thar it was just a garme, that the Joser was noe “inferioe,
incompetent, o¢ woethy of eeection,” and not force childeen who did not want to
play. Teachers should help children develop into “fair players” who could “govern
therruelves™ and learn how o “judge their own yuccen,” Preschool was a good
tme o0 begin this process creatively through games such as block races, ug,
mashles, pin the il on the donkey, casd games, and boand games (Kamn &
DeVries, 1980, 189, 197),

Enormously soccessful, the books Kaméi and DeVries wrote on number,
phyvical knowledge, and group games became classics in early childhood educa~
tvon both natiomally and internaciomally. With Jipanese, Koeean, Spanish,
Porsguese, and Chinese editons, Kamay work &d mach to extend Plagetan
ideas throughout the world,

Reinventing Arithmetic

After revolationizieg the way musy preschool teachers thought about how young
children learned abowt numbers, physical science, and games, Kamés mounted an
assaule on how ol of arichmenc should be cught fram peeschool o thind grade.
When, in the early 1980y, Kamu moved wp into the primary grades—the sasctum
sanciorum of “the basics” the chree “Rs." the bedrock of American educagon—she
encountered more restance, Her sdexs challenged asumptions thac had been m
place since the days of one-room schoolbouses in che 1800s. This was terebtoey into
which other developmental psychalogises had trod, 2s well, with betie Jasting impact.
In the carly 19005, the father of developmental psychology G. Stanley Hall and
progressive educatce John Dewey had wried 1o make arithmetic instruction more
natural and practical, with hitle success in the public schools, where the tens and
testing of educational psychologist Edwaed L. Thorndike raled the day (Beanty,
2006; Cline, 1982; Finkelmtein, 1989; Monroe, 1917), The Thormdike Arithasenics lud
owt how arithmetic should be directly and efficiendy aughe throegh pracdes, word
problesny, and deilly, and bow childeen’y learning Whould be scientifically measured
by school achievement tests (Beasty, 2006; Chiffoed, 1984; Thoendike, 1917, 1922),
As Kames soon discovered, this behavioris spproach, which dominated elementary
education in the United States, presented a formidable obstacie to her research.
[n a sequence of four books and three videos published by Teachers Colloge
Press between 1984 and 2000, Kamdi &aid out a completely new approach to
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teaching amthmetic, in which children comstructed arithmedcal concepts
themselves with the help of thear teachers, Although simalar in some ways to the
“new math" of the 1960s, the revolution in math teaching designed by college
math profesors, Kamis's methods were bated on Piagets theory of cogaitive
development and collabozation with elementary school teachers. She proposed
the radscally progresive idea that teachers and parents and schools should true
that children had the abilicy to learn math through normal, universal processes of
development, and that if allowed 10 0 30, they would be confidesst about thesr
abilities and not suffer from math anxaety or phobia. “Every normal student is
capable of good mathematical ressoning,” Kamii quoted foen Plager, “if attention
s drected to activities of fus interest, and if by this method the emotional inhabi-
tons that oo often give him a feling of inferiority in Jessons in chis area are
remnoved” (Plagee, 1973, 98-99: Kamii, 2000, xii).

Kamii calfed her approach “reloventing arithmedc)” & term she got from
Eleanor Duckworth, 3 notion Kamii based on her own research with children in
Geneva. Kamai'’s pew line of research began with one teaches, Geoegia DeClark,
the only fire grade teacher in Kanm'y Introduction to Paget coune at the
University of lllinots, whom Kamii credited as the second author of the 1985
edstion of Yeung Childien Reimvent Arithmetic. Comtance Kamii and her sister
Micko Kamsi from Wheelock College in Boston also collaborated on research on
how children learned single digit and double digie addsion, which formed part of
the basis for Kamits new wock. The Kamuis saad that children should not memo-
rize “addition facts” such as 3 + 5 = 8 or be uaught to “carry™ from the ones
cobam to the tens column to the hundreds becamne this wat not the way childeen
matarally did additon. On their own, young children did sngle digit addwion up
L0 ten, two ways, cither by “counting on” by urting &t chree and then wying
“four, five, 5ix, soven, eight.” or by “counting all,” counting up to three fingers and
then going oa to count five mare, and then going back 1o count all 8 fingers, thus
conshining the group of three and the group of five they had yaut coumted. For
double digit addition for sums over 10, Kanui and her sister found chat some
childeen rounded up 1o ten fiest, 2 muny modern asghmetic texts noOw recom-
mend (Kamai, 1985, 68; Kamii, 2000, 84). However children approsched addition
problems, Kamii and her suer agued, the childeen came up with strategies oo
their own.

Teachers’ reliance on wocksheets was one of the ssumbling blocks Kamal had
to overcome. Georgia DeClark told Kamai that she had been teaching additon
successfully to the childeen in her first grade class wsing tadinonal methods—
mensocizaton of “sddinon fact, " carrying.” drills, and wocksheets—and that this
was the way the curricubam she had to cover was supposed to be taught. When
Kamis visited DeClark’s chasroom she asked DeClark if sve would be willing to
try teaching arichmetic for a year using only activities from the children’s daily life
and games, no direct istruction, no waorksheets, no swchool math serses, DeClack
said that she could not promise to make sach a “drastic change,” bot that she
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would “give it a try” and see bow far she could go. Kamii wid that DeClark
should rely on her own judgment, of cousse, and do what she thoughe was
necessary if she did not thank that Kamiis Puagetian methods were working,
Kamuai promised to vtz DeClarks dassroom every week and help her all the way
(Kammnii, 1985, xim; DeClark, 1985, 195).

DeClark worried that her children would not learn the basic arithmetic they
needed to know with Kama'y methods, DeClark was sho worried about how to
comvince her prancipal, what she would say to other teachers, and what she would
tell paronts, DeClark’s principal said she could o abead a3 long 3 she reached the
achievement goals set by the standard curriculum by the end of the year; the other
teacheny were busy worrying abow their own clases, DeClark explained the new
approach to the parents, a Betde more confadently than she actually fele, and told
them to plyy games 3t home with thesr children, They dd not challenge ber, So
at the beginning of the 1980-81 school year, DeClark started using the group
games Kanui suggened: Tic Tac Toe, Concentration, Card Daorinces, War, Piggy
Bank, Double War, Subtraction Lotto, Sorry. Double Parchees, and othens, The
childeen loved the games. They focused on them more intendly than they had cn
worksheets and made decisions sutoncmousy, just 1 Kams had hoped,

DeClark was still woeried, however. On October 29th she gave the chaldren an
addition worksheet, They did well on it jum 33 Kamit had eold her they would.
DeClark gave out four worksheets in all, and found to her relief that her children
could do paper and pencil addicon problems on woeksheens just fine. Kamil wid
DeClark that she was probubly the only fiest grade teacher in 3 public school in
America who gave out only four worksheets that year (DeClark, 1985, 195-227).

When Kama tested DeClark’s children on single-dight arithmetsc problens,
she found that they did 2 well & a control group of chaldren the same age in
anceher furst grade class who had studied arithmenc the radinional way. About the
same number in both groups could do double-digs addition problems, DeClarky
chaldren had taaght themselves arithmetic, by playing games, without lesons,
worksheets, flash cards, or adults prahiing them, They could explain how they got
their answers. The children in the control group could not. Kamii and DeClark
repeated the experiment again the nexx year with the same resalts (Kamsi, 1985,
231-246).

Kamis feir vindicated. She had proved thae first graders could reinvent arich-
metic on their own, Now she wanted o soe if socond graders could do #, too, She
needed two teachers, one each in first and second grade who were willing o wse
Piagetian methods, She could not stay at DeClark'y schoal, however, because the
prinapal said he reshuffied the students cach year and would not keep DeClark’s
class together When Kamii tried 0 ind another peincigal she encountered rexis-
tance. Teachers from her graduate course were cager to try the new methods, bue
wivens Kareai talked o their principals, the principals asked one question: Can you
promise good achievement test scores? Kama explaimed her approach and offered
w show her data, None of the pesnapals looked t the daa When Kamit honesly
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said that she could not absolucely guamantee good test scares, all of the principals
said “No™ Seene asked her if the know that their jobs depended on getting good
test scores, Not one principal in the Chicago area sgreed 1o Jet Kami try her
arithmecic methods i his school (Kamii, 1989, vii),

Stymmied, Kamii was determined to prove thar the prechoo! arithmetic
methods based on Plaget and play that she had developed would work with
second graders. She was receptive when she met Milly Cowles, the Dean of the
Schoal of Education at the Unsvensity of Alsbama in Birmingham, who told
Kamii that public schools in the South were musch more open to unaversity-based
experimenters than public schook in the Narth. Frustrated in Chicago, Kamia
visited Birmingham and moved there in January of 1984, so chat she could
contmue her research. By Septembesr, the had 3 school, the Hall-Kent School in
Homewoed, in an integrated, moderate-income Birmingham subarb, 2 supportive
schoal superintendent, Robert Bumpus, and an enthusiagic peincipal, Gene
Burgess, who was 10 excited sbout Kamii's research that he wanted her to try it at
all grade levels in his school. Burgess thought that the math program he was using
wis not working, kaew about Piagety work, and never asked Kamii about test
scores. Kamii had never mot a principal like this. Akhough the teachers were
skepeical at furst, Kamii visited thelr clases and met with them often. Eventually
tens teachens signed on, four in kindergarten and three each in fist grade and
second grade (Kamzi, 1989, vir-vii),

Kamii knew how different her approach was from the goaks and methods of
tradational math texts for second grade. The Harcourt, Brace, Jovanovich texe that
the Homewnod teachess were usiag requized that number facts, addition of whale
aumbery, mabtraction of whole numbers, multiphcation of whole numbess, divi-
sion of whole numbers, fractions, measurement, tume, maney, geometry, graphing,
prodabilicy, statistics, and peoblem solving be taught direcdy and incremenually,
with children writing out correct answers. Kamii had 10 peove that second graders
couldd bearn these concepts and computational skills through constuctivist, play-
based methods instead (Abboet & Wells, 1985, 26; Kamii, 1989, 3, 45, 54).

Rather than beginning with specific objectives, as traditional arithenetic
programs dad, Kamit desived her objectives from carefully observing che children,
in the tradition of progressive preschoal education going back to the manery
school movement of the 1920, in which Paget wis Enbued from his original
work at the nursery school at the Instine Jean-Jacques Rouwesu (Beasty, 2009), In
her 1989 book Youngy Children Continue 00 Reinvent Arithmetic, 2nd Gude, written
with teacher Linda Joscph, Kamii stated that she eventually arrived 3¢ five objec-
tives: addition of ome-digit mumbers, place value and addition of two-digit
rrambers, sbtraction of ooe- and two-digit numbers, mukiplication, and division,
[nstead of formally teaching place value furst & arithmetic texss recommend, Kamnii
and the teachess let the childeen learn it as they did addition (Kamii, 1989, 63).

From ber observations, Kamii found char the waditional arder of arichmetic

teaching-—sddition, subtsaction, multiplication, and divison—was not how children
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resnvented . Psychaologists from the beginning of the twenteth century had been
debating the onder of arithmetc teachang. In 1911, G Stanley Hall said thae arith-
metic Jearning, what he called “arithmogenesis” was biologically programmed into
young chikdren, and thould be left o develop mauanlly, somsewhat a5 Kamé argoed
(Beatry, 2006; Hall, 1911). In Gcr, like Hall, in 3 1987 artide in Arnithmentic Toacker,
Karmi said that chaldren weee “born with a nasuzal abdicy o chink and to comstruct
logicomathematical knowledge™ (Kamii, 1987). John Dewey argued that children
learned arithnsetic by cosstructing concepts through everyday activities, anocher
apperoach Kamii used (Bearty, 2006; Dewey, 1896), Kamii found that subtraction was
neach hander for children thas multplication and azgued thae meliplicacion, not

Like Plages, Jesome Brumer, Eleanor Duckworth, and ocher progressves in the
science and math curriculum reform movement foc older children in the 1560s,
Kamdi chought that teachers should let children arrive at answers themselves, not
cormect children when they were wrong, and encoursge children o discus how
they got their answers. As with first graders, Kamai suggested that Linda Joseph's
second graders learn through games and everyday sctivites, with the addition of
veacher-initiated discussions of computation and story problems. Joseph wosld
put 18 + 13 on the board, sk the children what chey thought was 2 good way to
solve it, write their suggestions on the board, and huten to the children’y reasons
for agreeing or diagreeing with each other’s answers. She would noc tell them the
mght answer oF correct wrong answers, When some children got the right answer,
other childeen would agree or duagree, and later, sometimes four or seven months
later, would resvent double colums addition oo cheir own and be able to say why
the right answer was nght (Kamii, 1989, 75-79).

Teachers had to be fuwrated with tradiconal methods 1o be willling 10 grve
Kamii's radical spproach a try. At fisst, like Geongia DeClack, Linds Joseph was not
convinced. When Kamai visited her classsoom, she told Joseph that her childoen
were “not thinking.” Joseph had thoughe tha hesself soenetinnes annd decided 1o vy
Kamii's approach. Joseph stuck with Kamii's Piagetan, play-based methods with
the same group of children for four years. After surviving the fine year without
workbooks and seeing that the children were doing well on tests, Joswph
was convinced that games and discassions were becter than dnll sheets. By the
thind and fourth year, Joseph wat aking her students what they would like 10
work on, telling time or subtraction, or something else, and letting them choose.
She had gone through 3 “metamorphoms™ 11 2 teacher, she said (Joseph, 1989,
151-156).

As in Chicago, Kamss was sble to prove that her child-centered, constructiviat
approach worked, based on the results of standardized tests. When Kamii compared
the performunce on the Sunford Achievement Test of second gradess at the
Hall-Kent School, who had leamed through her methods, to comparable second
graders in anocher school who had mot, she found chat their sandasdired
tost scores were about the mme, but when asked to expliin their answers the



258 Barbans Beatty

Hall-Kent children did mwch berter. The mean Stnford Achiovement Test Total
Mathematics Score in percentiles &r the Hall-Kent second graders was 79; the
were for the childeen in the other school was 83 ce above. But the other school
enralled children from higher socio-econcmic backgrounds, so the scores were
comparable, Kamii argued. In contrast, wiven interviewed cally, the Hall-Kent
children could expluin the arithenetic they bad imvented and why; the other chil-
drers could pot. Kamii abo made up 2 paper-and-pencil Math Sampler test of her
own in which che childeen wrote cut their snewers and showed how they got
them, instead of just fing in 3 blank. On this test, 48 percest of Hall-Kent second
graders correcdy solved an addiien peoblem on four double-digt numbers
sdapted from the Natioma! Asessment of Edwcatiomal Progress, the “gold
standard” achievernent test given to 2 nndemized sample of American children,
the exact percent of thand graders who got the peoblem right on the matsonal
amewment (Kanai, 1989, 159, 169).

Satisfied that second graders could remvent arithmetic as first gradess did,
Kamm moved on to thisd grade. In her 1994 Young Childwn Comtimue t0 Reimvent
Arithwetic, Ind Grade, which she wrote with the help of thisd-grade teacher Sally
Jones Livingston from the Hall-Kent School, Kamit continued 1o strew the impor-
tance of Piagetian constructivis, play-baed mechods, Kamii inchoded examples of
meee group games, and meticulous, detailed descniptions of childsen’s own
problem-solving techniques. As in her esslier books, when companng classes
wughs by her methods versus traditional metihods, Kamii found chae the childzen
who had been taught archmetic for three years wing her methods were “bester
in logical and numerical ressoning™ and *bester thinkers when they are encour-
aged to do their gwn chanking™ (Kamii, 1994, 207).

In thas third book, Kamui set out the most controversial of all of her research on
how young childeen learn and should be taughs arithmedic. Afier ineroductory
chapters an Plagets theory of logico-mathematical knowledge and on the history
of computational techniques going back to the Hindus and Romans, she wroce
about “The Harméul Effects of Algorithms." Teaching children algorithms, such &
18 + 17 = 35, actually hurt children's ability to bearn asithmetic, Kamii argued, for
three reasons. Algorithens forced children to “give up their own numerical
thinkmng:" they “untaught™ place value and handered “childrens development of
numerical sense;” ind they made chidren “dependent on the spatial arrangement
of &gits {or paper and pencil) and on other people” (Kamis, 1994, 33). For insance,
in addition, sabtraction, and multplication, slgorithms forced children o go from
right to left, bet Kamii observed that when childsen iwvented how to solve thewe
types of problem on their own, they always, she nid, went from left to right. In
diviskon, it was the opporite. With algorithms, Kamii said, childzen forgot how to
e place value and aften made ilogscal misakes, because they added “all the digits
25 15" (Kamii, 1594, 36). And by using algorithms, children would sometimes svoid
trying to solve 3 problem akogether because they felt dependent on their teachers,
or an “paper and pencl™ arithmetic (Kamii, 1994, 47).
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Kamii's Impact

The impact of Constance Kamiiy reseasch on Pisgetian theory and pedagogy,
especially on teaching arnthmetic, continues to be felt in preschool and peimary
education today She crandsted Pragets abstrune ideat into peactical activities for
teachers, activities that preserved and extended the comstroctvism of Piagets
theory while rermaining grounded in actual classroom appcation. Kamii was coe
of 2 handful of researchers who instantiated Plaget imto preschool education, after
his prychology had been rejected in academia. Her appeoach to teaching arith-
metic was highlighted in the “bable of preschool education,” Sue Bredekamp's
ubiquitows 1987 Deselopmentally Appropriate Practice in Eorly Childhood Proguamy
Serving Childres From Birth Throwgh Age §. Karmai was abo mentioned in Bredekamp
and Cacol Copple's revised 1997 edition, though not in the most recent 2009
edition, although it could be argued that by now many of Kamaii's ideas have
become so widdy accepted that they no longer regquire specific citsion
{Beedekamp, 1987; Bredekamp and Copple, 1997; Copple and Bredekarmp, 2009).
Many of Kamai'’s books are still in pring, sell well, and have been released in innu-
merable internatioral editons.

Kamis’s Jegacy in arithmetic teaching can still be felt in the pramary grades, as
well. An expanded verwon of her chapter on ™ The Harmful Effects of Algoeitheny™
was reprinced in the Natonal Council of Teachers of Mathematics Yesrbook in
1998, where 1t provoked huge conwoversy (Kamii & Domanick, 1998). Many of
Kamii's ideas about how to teach arithimetic theough consteuctivige methods were
published in journals of the National Council of Teachers of Mathematics, such as
Teaching Children Mathematics and the Jourmal of Researck in Mathematics Edweation,
where one of her co-authored reports appeared as recently as 2010, giving Kamis's
ideas wide currency (Kamis & Rusell, 2010). Textbook designers adopied some
of Kamiss methods, especially TERC, whaose widely-used serien Iovertipations iv
Number, Data, and Spece, developed in the 19905, incorporated much of Kamii's
phidonophy. 1s Gct, Investipations and Kamil's idess shout the superiority of chald-
centered, cocatroctivist arithenetic teaching were at the center of the “math wars”
that raged in che 19905 and reverberate today.

In her 808 and stall going swrong, Kamis has an abiding fith in the power of
Jean Piaged’s psychology as the scennfic basis of educavon. She has devoted her
long Bfe to promoting cotstructivis spprosches 1o education foe young children
from peeschool through the primary grades and sall wanes to find a 4¢h grade dass
in which 1 do moce reseasch on her Plagesan appeoach to teaching srnhmetic,
She told me that she would also like to get back in touch with Siegfried Engelmann
and retest some of te studenes taught via his Direct Instraction to prove once aad
for all that she and Piaget ase right about how children learn., It i hard to imagine
modern early childhood educacion without the games, math manipulsives, and
other child-centered methods thast Comtance Kamii encouraged preschool
teachers to we. A giant in the debace over play that sull ages today, Kamii remains
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frmly comnced that young children should be given the oppoctunity to learn
watonomously.
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TEACHING CHILDREN TO BE MATHEMATICIANS
VS. TEACHING ABOUT MATHEMATICS

by
Seymour Papert

1. Preface

Befng o mathematician is mo more definable as ‘knowing® a set
of mathematical facts than being 2 poet 1s definable as knowing a set
of Tinguistic facts. Some modern math od reformers will give this
Statement a t00 Qasy assent with the comment: “Yes, they must under-
stand, not merely know." But this misses the capital poist that being
& mathesatician, again like being & poet, or a composer or an engineer,
means doimg, rather than kmowing or enderstending. This essay s an
Attespt to explore some ways 1n which one might be able to put childran
in & better position to do mathematics rather thas merely to learn
about §t.

The plan of the essay 15 to develop some examples of new kinds
of mathematical activity for childres, and then to discuss the general
issues alluded to in the preceding paragraph. Kithout the exarples,
abstract statemests about “doing,” "knowing,* and “umderstanding®
mathesatics canmot be expected to have more thas a suggestive meaning,
On the other hand the description of the examples will be easfer to
follow 1f the reader has a prior 1dea of their intentioa, And so |
shall first sketch, very impressionistically, my position on seew of
the major fssues. In doing so I shall exploft the dialectical device
employed In the previous paragreph to obtain & little more precision
of statemant by explicitly excluding the most Tikely misintersretaticn.

it s generally assumed in our society that every child should,
and cem, have axperience of creative work in Tanguage and plastic arts.
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it 15 equally gemerally assumed that very few people can work creatively
in sathenatics. I believe that there has beem an uwitting conspiracy
of psychologists and mathematicians in saintaining this assumption, The
psychologists contribute to 1t out of genuine fgnorance of what creative
mathematical work might be like. The mathemuticians, very often, do so
out of elitism, in the form of a deep conviction that mathematical
creativity is the privilege of 2 tiny minority,

Here agafn, 1t §s necessary, 1f we want any clarity, to ward off
2 too easy, swperficial assent from math od reformers who say, “Yes,
that's why we must use The Method of Discowery.” For, when “Discovery”
mepns discovery this is wonderful, but in reality "Discovery™ usually
means something akin to the following fantasy sbowt a poetry class:
the discovery-method teacher has perfected a series of guestions that
Tead the class to discover the line "Mary had 2 1ittle lasb.” My point
1s not that this would be 9ood or bad, but that no one would confuse 1t
with creative work im poetry.

Is 1t possible for children to do creative mathematics (that 1s
to say: to do mathematics) at all stages of thelir scholastic (and even
adult!) lives? 1 will argue that the answer 15: yes, but a great deal
of creative mathematical work by adult mathematicians 1s mecessary to
make 1t possible. The reason for the qualification is that the traditioma)
dranches of mathematics do mot provide the most fertile ground for the
easy, prolific growth of mathematical traits of mind., Ne mey have %o
develop quite new branches of mathematics with the spectal property
that they allow deginners more space tO romp creatively, than does nusber
theory or modernistic algedbra. In the following pages will e found
some specific examples which 1t would be pretentious to call “new
pedagogical oriented branches of mathematics™ but which will suggest to
cooperative readers what this phrase could mean.

streperows readers will bave no trowble finding objections.
Mathesatical elitists will say: “How dare you bring these trivia %o
@isturd cur contesplation of the true mathematical structures.” Practica)
people will say: “Romping? Pomping? Who needs 1t7? What sbout practica)
skflls im arithmetic?”®

The snod and the asti-snod are expressing the same odjection im
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different words. Let me paraghrase 1t, “Traditiconal schools have found
mathematics hard to teach to so-called average children. Someone brings
along a new set of activities, which seem to Be fun and easy to learn.
He declares them to De mathematics! Nell, that does not make them
sathematics, and it doesn't tum thew into solutions to any of the hard
probless facing the world of math ed.”

This argument rafses serfous 1550es, from which [ single out 2
question which I shall ask in 2 number of different forms:

In becoming a mathematiciam does ome leern
something other and more Sfneral than the
specific content of particular mathematical
topics? s there such a thing as 2
Mathesatical Way of Thinking? Can this be
Tearned and taught? Once one has acquired
it, does it then become quite easy to learn

%Lgl_p_r_ topics «= like the ones that
sess our elitist and practical critics?

Psychologists somatimes react by saying, "Oh, you mean the transe
fer proble=,” But 1 do not meas anything analogows to experiments om
whether students who were taught algedra Jast year sutomstically learn
geometry more easily than students who spent last year doing gymnastics,
I a= asking whether one can identify and teach (or foster the growth of)
something other than algebra or geometry, which, once Tearmed, will make
1t easy to Tearn algedra and gecawtry. No doudt, this other thing
{tet's call 1t the MWOT) can only be taught by using particular topics
as vehicles., But the "transfer” experiment s profoundly changed 1f
the question 15 whether cae can use alpedra as 2 vehicle for deliberately
teaching transferable gemeral comcepts and skills. The comjecture
underlying this essay 15 a very qualified affirmative answer to this
question. Yes, one can wse algedra as a wehicle for initiating students
to the mathematical way of thinking. But, to do so effectively one
should first fdentify as far as possible coesonents of the oeneral
intellectual skills cne 15 trying to teach; and whes this is done 1t will
appear that algedra (in any traditiomal sense) is not a particularly
pood vehicle,

The alternative choices of vehicle described below all Snvolve
using computers, Sut in a way that 1s very different from the usual
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suggestions of using them efther as “teaching machines* or as
“super-slide-rules®. In our ideal of 3 schoo] mathematical laboratory
the computer 13 used as 2 means to control pAysical processes in order
to achieve definite goals . . . for example a5 part of an suto-pilot
systes 20 fly sodel afrplanes, or as the "nervous system” of a model
animal with balascing reflexss, walking adility, simple visual ability
and 50 on. To achieve these goals mathematical prisciples are needed;
conversely In this context mathematical principles become sources of
power, thereby acquiring meaning for large categories of students who
fail to see any point or plcasure in bookish math and who, under pre-
vatling school conditions, simply drop out by labelling themselves
‘not mathematically minded.”

The 00 easy acceptance of this takes the form: “Yes, applica-
tions are motivating.” But “motivation” fails to distinguish alienated
work for a materfal or social reward from 3 true personal Snvolvement.
To develop this point | need to separate a nusber of aspects of the way
the cafid relates to Afs work,

A simple, and important one, 15 the time scale, A child interested
in flying model airplames under computer control will work at this project
over & Tong perfod. Me will have time to try different approaches to
sub-problems, He will have time to talk about it, to establish 2
common languege with a colladorator or an instructor, to relate it to
other interests and problems. This project-origated approach costrasts
with the prodblem approach of most math teaching: a bad feature of the
typical prodlem 15 that the ¢hild doss =0t stay with 1t 1ong entwsh to
benefit such from success or from failure.

Along with time scale goes structure. A project is long enough
to have recognizable phases -- such as planning, choosing 3 strategy
of attempting & very sfrple case first, finding the simple soluticn,
dedugging 1t, and 50 ca. And 1f the time scale 15 Tong encugh, and the
structures clear enough, the child cam develop 2 vocadulary for articulate
discssion of the process of wrking towards Ais goals.

1 believe 1a articulate discussion (in monologue or dialogue)
of how one solves prodless, of why ome goofed that one, of what gaps
or deformations exist in one's knowledge and of what could be dime asdout
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ft, 1 shall defend this belief against two quite distinct objecticas,
One cbjection says: “It's impossible to verbalize. prodlems are solved
by intuitive acts of insight aad these cannot be articulated.” The
other objection says: "it's bad to verbalize; resesber the centipede
who was paralyzed when the toad asked which leg came after which.*

One must beware of Guantifier mistakes when discussing these
objections. For example, J.5. Bruner tells us (fn his book Towards a
Theory of Isstructicn) that he finds words and diagrams “impotest® in
petting 2 child to ride a BDicycle, Sut while his evidence shows [at best)
that some words aad diagrams are impotent, he suggests the conclusfon
that all words and diagrems are impotent. Thae interesting conjecture is
this: the impotence 0f words and diagrams used by Bruner 13 explicadle
by Bruner's cultural origins; the vocabulary and comceptual framework
of classical psychology s sisply imadequate for the description of such
dyranic processes as riding & bicyclel To push the rhetoric further, !
suspect that 1f Sryner tried to write a3 program to make an 1BM 360 drive
¢ radio controlled motorcycle, he would have to conclude (for the sake
of consistency) that the order code of the 350 was impotent for this
task, Now, 1n our laboratory we have studied how pecple balance
bicycles and more complicated devices such as unicycles and circus dalls,
There 13 mothing complex or mysteriows or undescribable about these
processes. We can describe them im 3 non-fmpotent way provided that
& suitable descriptive system has been set wp in advance. Koy composants
of the descriptive system rest on concepts 1fke: the fdea of &

*first order” or *linear” theory im which control variables can be
assumed to act independently; or the ides of feedback.

A fundamental prebiem for the theory of mathematical education
is to 1gentify and name the concepts needed to enadle the begfnner 20
discuss his mathematical thinking in a clear articulate way. And whan
we know sSuch comcepts we may want to seek out {or imvent!) areas of
mathematical work which exemplify these concepts particularly well,

The next section of this essay will descride 2 new plece of mathematics
with the property that 1t allows clear discussion and sizple models of
heuristics thet are fopgy and confusing for Beginners when presented
in the context of more traditional elementary mathematics,
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2. Turtle Gogmetry: A Fiece of Learnable and Lovable Mathematics

The physical comtext for the follewing discussion 15 a quistuple
consisting of a child, a teletype machine, a computer, a large flat
surface and #n apparatus called 2 turtle. A turtie is & cybernetic
toy capable of moving forward or back im a particular direction (relative
to 1tself] and of rotating about fts central axis. [t has a pes, which
can Be in two states called PENUP and PENDOWN, The turtle is made to
act by typing commands whose effect is illustrated in Figure 1,

Fi : TURTLE LANGUAGE

At any time the turtie 15 at a particular place and facing in
& particular direction. The place and direction together are the turtle's
geomatric state. The picture shows the turtle in a field, used here only
to give the reader a frame of referesce:

FORMARD 150
The triangelar 4) | = The turtie advanced
picture shows 150 enits in 1ts new
N the direction. direction,
FORWARD 50 LEFY 138
The turtle 2d- {5) The turtle rotated
& | vanced 50 units S left 138°,
in the direction
1t wvas facing.
EAOWN (Produces no visible
P effect. Sut the next
LEFT 00 FORNARD instreztion
FORKARD 70 will leave 2 trace.)
0| N arxlecd poei~ . () The effect of PENIOWN
ety o 15 10 pat the turtle
the lefs. So its in 8 state to Teave
direcsicn changed. 4 trace: the pen draws

cn the ground,



(&) Direct Cosmands

The following commands will cause the turtle %o draw Figure 2.

PENDOWN Figyre 2

PEACE

(b) Defining » procedure

The computer is assumed to accept the language LOGD (wAich we
have developed expressly for the purpose of teaching chiidren, not
programing but mathematics). The LOGO 1diom for asserting the fact
that we are about to define 2 procedure 15 11lustrated by the following
example. We first decide on & name for the procedure. Suppose we
choose "PEACE™, Then we type:

TO PEACE

1 FORNARD 100 These are directions ulllng the computer
2 RIGHT 60 how to PEACE. The word "TO® iafores the

3 FORNARD 100 computer that the next word, "PEACE", s

4 BACK 100 being defined and that the numbered limes
$ LEFT 120 constitute its definition.

g”mmnn 100

The turtle esn't move while we are typing this, The word "TO" and the
Tine nusbers Indicated that we wire 20t telling 1t 0 g0 forward and 50 on;
rather we were telling it how to execute the mew command. When we have
indicated by the word "END™ that our Sefinition §s complete the machine
echoes back:

PEACE CEFINED

and mow 1f we type

PENDOWN
PEACE

the turtle will carry cut the communds and draw Figure 2. Were we 0
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omit the command "PENDOWN™ ft would go throush the motions of drawing
it without leaving a visible trace.

The peace sign in Figure 2 lacks 2 circle. How cam we describe
a circle in turtle language?

An 1dea that easily presents 1tself to mathematicians is: let
the turtle take a tiny step forward, thes turn & tiny amoust and keep
doing this. Thi might not quite produce a circle, but 1t fs & good
first plan, 50 Jet's begin to work on it. So we define 2 procedure:

TO CIRCUS

1 FORWARD 5
2 RIGHT 7
3 CIRCUS
END

Notice two features

(a) The procedure refers to 1tself in line 3. This looks
circular (though not in the sease we require) but really 15 mot. The
effect 1s merely to set up a mever-ending process by getting the coeputer
into the tight spot you would be in 1f you were the kind of persom who
cennot fail to keep a promise and you had been tricked iato saying,

"1 promise to repeat the sentence 1 just said.*”

(5) We selected the numbers 5 and 7 decause they seemed small,
but without a firm fdea of what would happen. However an advastage of
Raving & computer is that we can try cur procedure to see what it does.
If an undesirable effect follows we can always debug 1t; in thfs case,
perhaps, by choosing different nusbers, If, for example, the turtle
draw something 1ike Figure 3a, we would say to ourselve , "It's not
turning emough® and replace 7 by B; on the other hand 1f 1t draw
Figure 30 we might replace 7 by 6.

Figure 3: Figure 3
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I wish 1 could collect statfstics about how many mathematically
sophisticated readers fell into my trap! Cxperiemce shows that a large
proportion of math graduate students will & so. In fact, the procedure
cannot generate either 33 or 3! [f it did, 1t wowld surely go on to
produce an iafinite spiral. And one cam easily see that this is impossidle
since the same sequence of commands would have to produce parts of the
curve that are almost flat, and other parts that are very curved. More
technically, one cas see that the procedure CIRDUS must produce 2 close
spproximation to & circle (f.e. what 15, for 21) practical purposes a
circle) Because it must produce a curve of comstant curvature.

One can come to the same conclusion from a more general theorem.
We call procedures like CIRQUS “fixed instruction procedures” because
they contain no variables.

THEOREM: Any figure gemerated by a fixed instructiom procedure can
be bounded either by a circle or by two parallel strafght lines.

Examples of figures that can and that cansot be $0 bounded are
shown in Figure 4.

Figure &

E'a_

—

A Figure Bownded by parallel 1ines

A Figure Bounded neither by
parailel lines nor by 3 circle.
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Wa now show how to make procedures with inputs in the sense
that the command FORKARD has a number, called an imput, assocfated with
1t, The next example shows how we do so. (The words on the title line
preceded by ":" are names of the fnputs, rather 1ike the x's in scheol
8lgebra.) In the fifth grade class we read INIMESR as dots NUMBER or
25 the thing of "NUMBER", emphasfzing that what §s being discussed fs
not the word "NUMBEIR™ but 2 thing of which this word 5 the name.

TO POLY :STEP :ANGLE
1 FORMARD :S5TEP

2 LEFT :ANGLE
g“nu (STEP :ANGLE

This procedure geserates & rather wosderful collection of pictures as
we give 1t different 1nputs,

Although POLY has provision for inputs 1t 1s really & fixed
instruction procedure. To creste cne that 13 not, we change the last line
of POLY. We change the title also, though we do not meed to do so.

01¢ Procedure New Procedure
TO POLY :STEP :ANGLE TO POLYSPI :STEP :ANGLE
1 FORNARD : 1 FORNARD :S7T%p
2 LEFT :ANGLE 2 LEFT :ANGLE
:m POLY :STEP :ANGLE '3’ POLYSPI :STEP+20 :ANGLE

The effect of POLYSPI is shown in Figure &.

\ Figm§

_
E' T POLYSPI § 90
or

Seuiral




We have seen we can yse POLY to draw a circle. Can we now wse
it to draw our peace sign? We cowid, but will do better %o make 2
procedure, here called ARC whose effect will be to draw any cirgular
segment given the diameter and the angle to be drawn as in Figure 6,
The procedure 15 a5 Tollows where in 1ine 2 & special constant called
*PIE" 1s used and the asterisk sige 15 used for multiplicetion. (Do not
assume that :PIL s what §ts name suggests.)

TO ARC :DIAM :SECTOR
1 IF :SECTOR«Q STOP
2 FORMARD :PIE*:DIAM

3 RIeMT 1
4 ARC :DIAM :SECTOR-)
END

We Can now make a procedure using the 014 procedure PEACE as a

sub-procedure:

T0 SWPERPEALE

1 ARC 200 30 Fi

2 RICHT 90 Figure &
3 PEACE

END SUPERPEACE

Better yet we eniild rewrite PEACE to have fnputs. For exasple:

TO PEACE :SIZE
FORMARD :SIZE
RIGHNT 60

1
2
3
4
5 LEFT 120
]
7
8

Then peace sfgns of different sizes can be made by the commands:
PEACE 100

PEME 20

and 350 On,
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We can use the command ARC t0 draw & heart:

TO HEART :S1ZE

1 ARC :SIZE/2 180
2 RIGMT 180

3 ARC :SIZE/2 Y&
& ARC :SIIE*2 60
5 RIGHT 60

& ARC :5IZE*2 60
END

MINITHEOREM: A heart can be made of four circglar arcs.

We can 21350 use 1t to draw 2 flower. Notice im the folloewing the charace
teristic bellding of new definitions on 014 ones,

A cosputer program to draw this flower
uies the geometric observation that petals can

be decomposed (rather surprisingly!) as two
Quarter circles. 5o let's assume we have 2
procedure called TO QCIRCLE whose effect is
shown by the examples. Some of them show
initial and final positions of the turtle,
some do mot.

QCIRCLE SO

QCIRCLE 100 \
Now Jet's see how to make 2 petal.

70 PETAL :SIZE PETAL 100
1 QCIRCLE :SI2E
2 RIGMT 90

3 QCIRCLE :SIZE
END



70 FLOWER :SIZE
PETAL :SIZE
PETAL :SIZE
PETAL :SIZE

1
2
3
4 PETAL :SIZE

8

Now Tet's play a Jittle,

HEXAFLOWER :SIIE

13-

FLONER 100 STEM 100

FEXAFLOWER 50

K——, ——K
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3. Creativity? Mathematics?

in classes run by mesbers of the M.1.T. Artificial Intelligence
Laboratory we have taught this kind of geometry to fifth graders, some
of whom were 1n the lowest categories of performance in “mathematics™.
Their attitude towards mathematics as mormally taught was well expressed
by a fifth grade girl who said firmly, “There ain't nothing fun in math!*
She @54 not classify working with the computer as math, and we saw mo
reason to disabuse her. There will be time for her to discover that
what she is learning to do in an exciting and personal way will elucidate
those steande rituals she meets in the math class.

Typical activities im early stages of work with children of
this age 1s exploring the behavior of the procedure POLY by givimg it
different fnputs. There is imevitadle challesnge -- and competition -
in producing beautiful or spectacular, or just differest offects. One
oets ahead 1n the game by discovering a new phenomenon and by finding
out what classes of angles will produce 1t,

The real excitement comes when one decomes courageous emough to
change the procedure ftself. For exasple making the change to POLYSPI
occurs to some children and, In our class, led to a great deal of
excitement sround the truly spontasecus discovery of the figure now
called a squira) (Figure 5). (Note: By spoataneous ! mean, amongst
other things, to exclude the situation of the discovery teacher standing
in front of the class soliciting pseudo-rendomly gemerated suggestions.
The squiral was found By a child sftting all alone at his computer
terminall) By no means all the children will take this step -- indeed
once & few have done 5O §t becomes derivative for the others. Nevertheless,
we might encourage them to explore 1nputs to POLYSPI, There is room
here for the discovery of sore phenomens. For example, taking :ANGLE
as 120 produces a neat triangelar spiral. But 123 produces a very
different phenomena.
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The possidilities for original minor discoveries are great.
One girl became excited for the first time about mathematics by
realizing how easy it was to make & program for Figure 9 by
(1) cbserving herself draw & similar figure
(2) naming the elements of her figure -- *BIG* and "SMALL® --
S0 that she could talk asbout them and 50 describe what
she was doing
(3) describing 1t in LOGO

TO GROMSHRINK :BIG :SMALL

1 FORWARD :BIG

2 RIGHT %0

J FORWARD :SMALL

& RIGHT ™

gmmam :BIG-10 :SMALL+10
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The possibilities are endless, These are smal) discoveries. But
perhaps one 15 already closer to mathesatics in doing this than in
learning new forma] manmipulations, transforming dases, intersecting
sets and drifting through misty lessons on the difference between
fractions, ratfonals and equivalence classes of pairs of integers.
Perhaps learning to make small discoveries puts cne more surely on
& path to mking big ones than does faultlessly learning any nusber
of sound algebraic concepts.



4. Some Physical Mathematics

The turtle languege is appropriate for many important physical
problems. Consider, for exasple, the problem of understanding planetary
orbits as if one were 2 junior high school student, Onme would find
conceptual barriers of varying degrees of difficulty. Certainly the
fdea of the 1sverse square law 15 simple encugh. Scmewhat harder 15 the
representation of velocities, accelerations and forces as wectors. Sut
the irsupersble difficulty in reading & text on the subject comes from
the role of differential equations, The really elegant and intelligible
prysical 1deas give rise to local differential descripticns of orbits;
translating those into global ones uswally 1nvolves going through the
messy business called "solvisg® differential equations.

Turtle geometry belps at all these points. The use of vectors
is extremely natural. And the local differential description takes the
form of a procedure that can be rum 30 as to produce a drowing of 2
solution or studied using theorems and analytic concepts abowt procedures.

The framework for thinking about orbital theory in turtle terss
presupposes pricr contact with the concepts of state and of quantized
time -- both of which cccur very easily and naturally in many computa-
tiomal situatfons. The state of the “plamet” §s fts position and 2
certain vector called, say "JUMP*, If the planet were left alose it
wogld move by (JUMP at every clock time. Thus it would go off, forever,
in & straight 1ime. In the presence of the sum, we think of it as
wndergoing two movements: 1t moves by :JUMP and then it 12115 into the
Sun! To make this more precise we put these two acticns topether using
3 procedure called “VECTORADO™, which could be defimed by the children
or given as a primitive. Thus we cbtain a LOGD procedure whose geseral
fdes will be intelligible to readers who try hard encugh. [Two helpful
comments: MAKE {s the LOGO 1diom for assignment, or setting values,
$0 that Tine 1 fn the procedure will cause the quastity
VECTORADD OF :JUMP AND FALL to be computed and given the name “NEMJLMP™,
This computation assumes the exfstence of another procedure, called
“FALL®, waich will compute the *fall into the sum vector®., These fdeas
might seem confusing when presented fast; ten year 01d children under-
stand them fluently when they are presented progerly.)
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T0 RY Ju
1 MAKE
NAME “NEWJep*
THING VECTORADO OF :JUMP AND FALL
2 SETHEADING (DIRECTION :NEWIUMP)
3 FORWARD (LENGTH :NEWJLMP)
:ID FLY :NEMIUMP

Using thls same 1dea one cam easily deal in am experimental way
with three bodies; one cen design space-ship orbits, synchromcus
satellites and so on endlessly.
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5. GCentro]l Theory as a Grade Schoo)l Sudbject or Physics ia the Fimger 11

We begin by imviting the reader to carry out the 11lustrated
experiments -- or to recall doing somethimg sisilar.

One of the goals of this unit of study will B¢ to understand
how people do this and particularly to understand what properties of a
human being determine what objects he can and what b jects he cannot
balance.

A “formal physical® model of the stick dalancing sftuatiom fs
provided by the apparatys 11lustrated next:

WEIGHT CLAMP: VARIABLE
MASS AND POSITION

LIGHT

RIGID

ROO MINGE WITH | DEGREE
CF FREEOOM

TRUCK

\RML TO MAKE PROBLEM
1= DIMENSIONAL

CHILD KEEPS RCO FROM
FALLING BY PUSHING
TRUCK BACK AND FORTH
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f

WIRE TO
COMPUTER

EROIO)|

rTURTLE KEEPS ROD FROM FALLING
BY MOVING FORWARD AND BACK.
POTENTIOMETER IN HINGE PROVIDES
INFORMATION FOR FEEDBACK .

A computer controlied version replaces the track and the child
by a turtle with the angle sensor plugged into fts sensor socket. A
sieple minded procedure will do a fair asoust of balancing (provided that
the turtie 1s fastll):

TO BALANCE

> 10

RWARD 8
< -10

8

FE
i

38
3

ﬂ‘

gom.un-
£5

This procedure {s written as part of 2 project plan that begins by saying:
neglect all complications, try something. Complications that have been
seglected include:

(1) The'end of the line bug.

{2) The overshcot bug.
(Perhaps inm lines 2 and & the value 8 is too much or
teo little.)

(3) The Womsly Aug
The TEST in the procadure might catch the rod over to
the left while 1t 15 in rapid motion towards the right.
shen this happens we should leave wall alone!



ozzc

Ome by one these bugs, and others can be eliminated, It fs not
hard to bufld a program and choose constasts 50 that with a given setting
of the movable weight, balance will be maintained for long periods of time.
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6. What are the Primitive Concepts of Mathematics?

To see points #nd Tines as the primitive concepts of geometry
15 to forget not only the logical primitives (such as quantifiers) dut
especially the epistemological primitives, such as the notice of a
sathematical system ftself. For most children at school the probles is
not that they &0 not usderstand particular mathematical stroctures or
concepts. Rather, they do not usderstand what kind of thing a methematical
structure 15: they do not see the point of the whole enterprise. Asking
them to learm it 1s 1ike asking them to learn poetry in 2 coepletely
unknown foreign language.

It 15 sometimes safd that in teaching mathematics we should
emphasize the process of mathematization. [ say: excellent! But on
condition that the child should have the experience of mathematizing
for himself. Otherwise the word “sathematizing” s just cne more
scholastic term. The thrust of the expliorations [ have been describing
15 to allow the child to have living experiences of mathematizing as an
introduction to mathesatics., We have seen how he mathematizes a heart,
& squiral, his owm behavior in drewing a GROWSHRINK, the process of
Balancing a stick, and $0 on. When mathematizing familfar processes
is a fleent, natural, enjoyable activity, then §s the time to talk about
mathesatizing mathematical structures, as in a good pere course on
modern algebra.

But what are the ingredients of the process of mathematizing?

Is 1t possible to forsulate and teach knowledge about how one s to
tackle for example, the problem of setting wp a mathematical representation
of an object such as the hearts and flowers we discussed earlier?

Our answer 15 very definitely affirmative, especially in the
context of the kind of work described adbove. Consider for exasple, how
we would teach children to g0 about problems 1ike drawing & heart.

First step we say: 1f you cannot solve the problem as it stamds, try
simp1ifying 1t; 1f you cannot find a complete soluticn, find a partial
cne, MO doudt everyome gives similar advice. The Sifference 1s that

in thls context the advice 1s concrete endugh to be followed by children
who seem quite fmpervious to the usual math,
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A simplification of the heart problem §s to settie, as 2 first
approximation, on a triangle; which we then consider to be a very primitive
heart.

TO TRI

1 FORWARD 100

2 RIGHT 120

3 FORMARD 100

4 RIGHT 120

5 FORMARD 100 TRI
END

Now that we hawe this construction firnly Im hand we can 3llow curselvas
to modify 1t S0 as to make it a better heart. The cbvious plan i35 to
replace the horizontal Time by & structure Time, 50 we write 3 procedure
to sake this, First choose 1t a name, say "TOP", thea write:

TO TOP :SIZE

1 ARC :SIZE/2 180 4 \f \
2 RIGHT 180

3 ARC :SI2E/2 180 0P

Replacing 1ine 1 1n TO TRI by TOP we get:

TO TRI

1 TOP 100
2 RIGHT 120
'tcl

REART WiITH BUG

The effect is as shown! [Is this a failure? We might have 5o classified
1t (o€ ourselves:) 1f we d1d not have another heuristic concept:

BUGS and DEBUGSING. Our procedure did not fail. It has & perfectly
intelligible dbug. To find the buy we follow the procedure through 1= 2
very FORMAL way. (Formal 15 another concept we try to teach.) We soon
find that the trowle 13 im line 2. Also we can see why, PReplacing
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line 1 by TOP ¢id what we wanted, but 1t also produced a SIDE-EFFECT.
{Another important comcept.] [t left the turtle facing im a different
direction. Correcting it 15 a mere matter of changing 1ime 2 to RIGHT 3.
And then we can 90 on to make the fully curved heart. Unless we decide
that a straight-sided cne 15 good enough for our purposes.

VY

Straight-sided Meart Curved Heart

Our Tmage of teaching mathesatics concentrates on teaching
concepts and terminology to esabie childrem to be articulate about the
process of developing 2 mathematical amalysis. Part of doing so §s
studying good models (swch as the heart amecdote) and getting a lot of
practice in describing cne's own .attempts at following the pattern of
the mode! in other probless. It seems quite paradoxical that in develop-
ing mathematical curricula, whole conferences of superd mathematicians
are devoted to discussing the appropriate language for expressing the
forma) part of mathematics, while the individual teacher or writer of
text-books 15 left to decide how (and even whether) to dea! with heuristic
concapts.,

In summary, we have advanced three contral theses:

{1) The non-formal methematical primitives are
paglected in 2ost discussions of mathematica) curricula.

{2) That the cholce of content material, especially for
the early years, should e made primarily as 2 functice
of its suitability for developing heuristic comcepts,
[2F )

(3) Computatioma)] mathematics, im the sense 11lustrated dy
turtie geometry, has strong advantapes in this respect
over "classical” topics.
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